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Abstract. Let ¢ be a holomorphic self-map and g be a fixed holomorphic
function on the unit ball B. The boundedness and compactness of the operator

1
dt
T,00) = [ Fe(e)Ra(t2) G
0
from the generalized weighted Bergman space into the p-Bloch space are studied
in this paper.

1. Introduction

Let B be the unit ball of C™. Let z = (21,...,2,) and w = (w1, ..., wy,)
be points in C", we write

(z,w) = 210 + -+ + 20Dy, |2| =V]212 + - + |2a]2.

Thus B ={z € C": |z] < 1}. Let dv be the normalized Lebesgue measure
of B, ie. v(B) =1. Let H(B) be the space of all holomorphic functions
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on B. For f € H(B), let Rf(z) = 2?21 zjg—i(z) represent the radial
derivative of f € H(B). We write R™f = R(R™~1f).

A positive continuous function g on [0,1) is called normal, if there exist
positive numbers s and ¢, 0 < s <t, and ¢ € [0,1) such that

is decreasing on [4,1) and lim uir) =
r—1 (1 — 7“)3

Y

m is increasing on [§,1) and lim
(see, e.g. [4]).

Let p be a normal function on [0,
B, = B,(B), is the set of all f € H(

1). The wp-Bloch space, denoted by
) such that

bu(f) = flelgu(IZI) IRf(2)] < oo

B, is a Banach space with the norm ||f|5, = [f(0)] + b.(f). Let B,
denote the subspace of B, consisting of those f € B, for which

lim p(|2)) R (2)] = 0.

We call B, the little u-Bloch space. When pu(r) = 1 —7? and p(r) =
(1 —72)P(0 < B < 1), the induced spaces B, are the Bloch spaces and
the Lipschitz type spaces, respectively.

For any p > 0 and a € R, let N be the smallest nonnegative integer such
that pN + « > —1. We say that an f € H(B) belongs to the generalized
weighted Bergman space AP, if

||f||A§ = |f(0)| + |:/B |%Nf(2)|p(1 _ |Z|2)pN+ad1}(z):| 1/p < 0.

The generalized weighted Bergman space AP is introduced by Zhao and
Zhu (see, e.g., [15]). This space covers the traditional weighted Bergman
space(a > —1), the Besov space, the Hardy space H? and the so-called
Arveson space. For example, the space Af is the classical Bergman space;
the space A2, is the so-called Arveson space; the space A’i(nﬂ) is the
Besov space. See [15, 16] for some basic facts on the weighted Bergman
space.

Let ¢ be a holomorphic self-map of B. The composition operator C,, is

defined by

(Cof)(z) = (fop)(z), feH(B).
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The book [2] contains much information on this topic.
Suppose that g : B — C! is a holomorphic map, the extended Cesaro
operator, which was introduced in [4], is defined as following

1 2 1
1,66)= [ 10952 = [ pemaeaT. e, e b

This operator is also called the Riemann-Stieltjes operator(see, e.g. [14]).
See [1, 4, 5, 6, 8, 9, 10, 13, 14] for more information of the operator T, on
various spaces in the unit ball.

Motivated by the definition of operators C, and T,, we define a more
general operator

(1) Tof) = [ HetRo) G e HB), 2B,

The operator T, , will be called the Volterra composition operator. In the
setting of the unit disk D, this operator has the following form

Tyl (2) = /0 (o)) (©)de.  fe H(D), » €D,

which was first studied in [7]. To the best of our knowledge, the operator
Ty,, in the unit ball is studied in the present paper for the first time.

In this paper we study the boundedness and compactness of Volterra
composition operators Ty, from the generalized weighted Bergman space
into B, and B, . As some corollaries, we obtain characterizations of the
extended Cesaro operator T, from the generalized weighted Bergman space
into B, and B,.

Throughout the paper, constants are denoted by C', they are positive and
may differ from one occurrence to the other.

2. Main results and proofs

In this section we give our main results and proofs. We will consider three
cases: n+1+a>0,n+1+a=0and n+1+a < 0. Before we formulate
our main results, we state several auxiliary results which will be used in the
proofs. They are incorporated in the lemmas which follows.

Lemma 1. [15] (i) Suppose p >0 and a+n+1> 0. Then there exists
a constant C > 0 such that
Cll 1l az

f(2) < ——%
(L—=1]=2)"
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forall f € A and z € B.

(ii) Suppose p >0 and a+n+1<0 or 0<p<1 and a+n+1=0.
Then every function in AP is continuous on the closed unit ball and so is
bounded.

(iii) Suppose p>1, 1/p+1/g=1 and a+n+1=0. Then there exists
a constant C > 0 such that

2 }Uq
1—|z[?

&) <[

forall f € AP and z € B.

Lemma 2. A closed set K in B, is compact if and only if it is bounded
and satisfies

lim sup p(|z))|Rf(2)| = 0.
l2|=1 fek

Proof. The proof is similar to the proof of Lemma 1 in [11]. We omit the
details. d

The following criterion for compactness follows from standard arguments
similar to those outlined in Proposition 3.11 of [2]. We omit the details of
the proof.

Lemma 3. Assume that p > 0, « is a real number, g € H(B), ¢ is
a holomorphic self-map of B and p is a normal function on [0,1). Then
Ty AP — By, is compact if and only if Ty, : AL, — B, is bounded and
for any bounded sequence (fi)ren in AL which converges to zero uniformly
on compact subsets of B as k — oo, we have [Ty, fr|5, — 0 as k — oo,

Especially, when p > 0 and a+n+1 < 0, we need the following criterion
for compactness follows from arguments similar to those in Lemma 3.7 of
[12].

Lemma 4. Let p >0 and a+n+1 < 0. Let T be a bounded linear
operator from AP into a normed linear space Y . Then T is compact if and
only if || T fxlly — 0 whenever (fi) is a norm-bounded sequence in AP that

converges to 0 uniformly on B.

Proof. The necessity is obvious. Now we prove the sufficiency part.
Suppose that T is not compact. Then there is a bounded sequence (gy )
in AP such that (T'g;) has no convergent subsequence. Note that when
p>0and a+n+1<0, A2 are indeed Lipschitz continuous (see Theorem
66 of [15]). Similarly to the proof of Lemma 3.6 of [12], we see that every
bounded sequence in AP has a subsequence that converges uniformly on B
by Lemma 1 and Arzela-Ascoli Theorem. Hence (gx) has a subsequence
(fx) such that f, — f uniformly on B. By Fatou’s lemma we see that
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f € AP. The sequence (fr — f) is bounded in AP and converges to 0
uniformly on B. By assumption |[|[Tfyz — Tf|ly — 0 as k — oo. This
implies that the subsequence (T'fy) of (T'gx) converges in Y (to Tf), a

contradiction. O
2.1. Case n+1+a>0.

Theorem 1. Assume that p > 0, « is a real number such that
n+a+1>0, g€ HB), ¢ is a holomorphic self-map of B and p
is a normal function on [0,1). Then T, ., : AL, — B, is bounded if and
only if

(2) M = sup DRI C)]

e (1—|p(2) 7)™

Proof. Suppose that (2) holds. A calculation with (1) gives the following
fundamental and useful formula(see, e.g. [4])

R[To,0(H](2) = F((2))Rg(2).

Then for arbitrary z € B and f € AP, by Lemma 1 we have

pIDRTeNEL = nllz)If ()R ()]
5 DRI

(1 —1le(2)?)

Using the condition (2), the boundedness of the operator T, , : A? — B,
follows by taking the supremum in (3) over B.
Conversely, suppose that T}, : A%, — B,, is bounded. Assume that

1 a+1
4 t > nmax(1l,—)+ .
(4) ( p) )
For a € B, set
o

RO =Ty

Then from Theorem 32 of [15] we see that f, € A and sup,cp || fallaz <
oo. Therefore

CllTgellaz—s, = Toefowmls, = StelgM(IZI)I%(Tg«pﬁp(b))(Z)I
w(]0])|Rg (b
(5) S (oD (nile

(1= le®)*) 7
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from which we get (2). This completes the proof of Theorem 1. O

Theorem 2. Assume that p > 0, « is a real number such that
n+a+1>0, g € HB), ¢ is a holomorphic self-map of B and pn
is a normal function on [0,1). Then Ty, : AL, — B, is compact if and
only if g € B, and

n(l2]) Ry (2)]

6 lim =0
“ =1 (1= [p(2)2) 5

Proof. Suppose that g € B, and (6) holds. From g € B,, and (6), it is
easy to see that (2) holds. Hence Ty, : A2 — B,, is bounded by Theorem
1. From (6), for given € > 0, there is a constant J € (0,1), such that

w1z Ry (2)|

™ up mp
{zeB:d<le(2)<1} (1 — |p(2)]?) E

Let (fx)ken be a bounded sequence in AP, such that fi — 0 uniformly on
compact subsets of B as k — co. Let G ={w € B : Jw| < §}. From the
fact that g € B, and (7), we have

||Tg7safk|

B, = sup w(|2])| fr(p(2))Rg(2)]

= (sw s YullhRe (e ()]
{z€B: |p(2)|<6}  {2€B:6<[p(2)|<1}
p(2DIRg(2)]

= llglls, sup [fr(w)| + Cll il az sup iiTs
weG {zeB:5<|p(2)|<1} (1 — |p(2)]2) " »

A

8) < llglls, sup |fe(w)| + Ce.
weqG

Observe that G is a compact subset of B, then it gives limy_,o0 SUp,, e | fr(w)|
0. Using this fact and letting k — oo in (8), we obtain limsupy,_, ., [|7y,,.fx| 5,
Ce. Since ¢ is an arbitrary positive number, we obtain limsupy,_, . || Ty, fx| 5,
0. Employing Lemma 3, we get that T, , : A? — B,, is compact.

Conversely, suppose that T , : A2 — B,, is compact, then T}, : A —
B, is bounded. It follows from the proof of Theorem 1 that g € B,,. Let
(2r)ken be a sequence in B such that |p(z)| — 1 as k — co. Set

(1= le(z) )™
(1= (2, ¢(2x)))!

where ¢ satisfies (4). From Theorem 32 of [15] we see that (fi)ren is a
bounded sequence in AP . Moreover, it is easy to see that fx converges to

nta+1
I3

fr(z) = , keN,

A
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zero uniformly on compact subsects of B. In view of Lemma 3 it follows
that

9) limsup || Ty, fx|l5, = 0.
k— o0

In addition, we have

pllzn )Ry (zh)|
n+l4+a *
(1 —=Tle(ze)?) 7
Combining (9) with (10) we get the desired result. The proof is completed.
O

(10) |‘Tg7safk|

5, = sup p([2)[R(Ty o fr) ()] =
zEB

Theorem 3. Assume that p > 0, « is a real number such that
n+a+1>0, g € HB), ¢ is a holomorphic self-map of B and p
is a normal function on [0,1). Then Ty, : AL — B, is bounded if and
only if Ty, : AP — B,, is bounded and g € B, .

Proof. Suppose that T, , : A2 — B, is bounded. Then it is clear
that Ty, : A2 — B, is bounded. Taking f(z) = 1 and employing the
boundedness of Ty, : AX, — B, o, we see that g € B, ¢.

Conversely, suppose that T, , : A2 — B, is bounded and g € B,.
Suppose that f € AR with | f||4» < L, using polynomial approximations
we obtain (see, e.g., [15])

ntlta

lim (1 — [2) 5 ()] = 0.

|z|—1

From the above equality and g € B, o, for every € > 0, there exists a
d € (0,1) such that when ¢ < |z] < 1,

(11) (1— 272 f(2)] < /M
and

_ g2t
(12) u(lz)Rg(z)| < L2 T

L Y

where M is defined in (2). Therefore if § < |z| < 1 and § < |p(2)] < 1,
from (2) and (11) we have

DRy f)) = —PEDRIEN ey =32 ()

(1= le(z)?) >

(13) < M- lp@)P) T fe2)] < e




232 Volterra composition operators

If 6 < |z] <1 and |p(2)] < J, using Lemma 1 and (12) we have

WDRTG o) (2) = —HEDRICI oo

(1= |p(2)]2)"
Cl f]l az p(|z])|Rg(2)]

(1—|p(z)2) 7

Cllfll.az
< ot MzDIRg(2)] < Ce.
(1 _ 52) +;+

n+l4+a
P

fle(2)]

IA

(14)

Combining (13) with (14) we get that Ty ,f € B, 0. Since f is arbitrary
we see that Ty ,(AP) C B,o, which together with the boundedness of
Ty AP — By, we get the desired result. This completes the proof of the
theorem. g

Theorem 4. Assume that p > 0, « is a real number such that
n+a+1>0, g€ HB), ¢ is a holomorphic self-map of B and p
is a normal function on [0,1). Then Ty, : AL, — By o is compact if and
only if

n(l2]) Ry (2)]

15 lim =0
19) =51 (1= J(2)2) 7

Proof. Suppose that Ty, : AL — B, o is compact. Then T, : AL —
B,.0 is bounded and Ty, : A2 — B,, is compact. By Theorems 2 and 3 we
obtain

(16) i PEDIRG)
I (1~ [p(2)2) 7

and

(17) Jim ()R (2)] =0,

By (16), for every € > 0, there exists a ¢ € (0,1),
(|2 Rg(2)|

n+l4+a

(1 —1le(2)?)

when 0 < |p(z)| < 1. By (17), for the above ¢, there exists r € (0,1),

ntlta
p

(2 IRg(2)] < (1 18]%)

when r < |z| < 1.
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Therefore, when r < |z] <1 and § < |¢(2)| < 1, we have that

as) p=DIRg()
(1 Jp(2)[2) =7
If |p(z)] <6 and r < |z| < 1, we obtain
a9 O < IRy < =

Combing (18) with (19) we get (15) as desired.
Conversely, suppose that (15) holds. It follows from Lemma 2 that
Ty A2 — B, 0 is compact if and only if

(20) lim  sup  p(z)IR(T,, f)(=)] = 0.

2= 1] 4 <1
For any f € AP with [|f||4» <1, by (3) we have

p2DIRg(2)

(1 —=1le(2)) 7

p(IzDIR(Te,0 £) ()] < Cl fll az

Using (15) we get

. : p(lzD)[Rg(2)|
lim ~sup  p(|z])[R(Tg,0f)(2)| < C lim e = 0,
|z|—1 11l 42 <1 9% [z| =1 (1—|e(2)2) o

as desired. This completes the proof of the theorem. O

Let ©(2) = 2z, u(r) = (1—r2)8. From Theorems 1-4 we have the following
result (see [8, 9] for the case of a > —1).

Corollary 1. Assume that p > 0, « is a real number such that
n+a+1>0, % < B <o and g € H(B). Then the following
statements hold.

(i) T, : A2 — BP is bounded if and only if T, : AP, — Bg is bounded if

and only if
_ntlta
sup(1 — [2)7 7 [Rg(2)] < oo;
zEB

(ii) T, : A2, — BP is compact if and only if T, : AP, — Bg is compact
if and only if

hm (1 . |Z|2)137n+;+a

|z|]—1

|Rg(2)| = 0.
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2.2 Case n+ 1+ a = 0. First, we consider the case p > 1.

Theorem 5. Assume that p > 1, 1/p+1/g=1 and n+1+a =0,
g € H(B), ¢ is a holomorphic self-map of B and p is a normal function
on [0,1). Then T, ., : AL, — B, is bounded if and only if
ey M IO ———
1= sup ul|z gz (ni) < oQ.
2 leb 1—lo(2)?

Proof. Suppose that (21) holds. Then for arbitrary z € B and f € AP,
by Lemma 1 we have

HINRT )] = 2D ()] R (=)
(22) < CflLaga(=DR ()| (I =) "

A

from which we see that T, , : AP — B, is bounded.
Conversely, suppose that T}, : A%, — B,, is bounded. For a € B, set

2 ~1/p 2
2 =(m——) "(m——)
(23) falz) (“1—|a|2 (n1—<z,a)
Using Theorem 1.12 of [16], it is easy to check that f, € A” . Therefore

—(n+1)

ClTsellaz—s, = I Toefomlis, 2 sup p()PR(Ty0fow)(2)]

2 1/q
24 > b b In ————— .
(24) 2 ulDRgO) (I = om)
From the last inequality we get the desired result. |

Theorem 6. Assume that p > 1, 1/p+1/g=1 and n+1+a =0,
g € H(B), ¢ is a holomorphic self-map of B and p is a normal function
on [0,1). Then T, ,: AL — B,, is compact if and only if g € B,, and

. 2 1/q B
(25) m DR (g o) =0

Proof. Suppose that (25) holds. In this case, the proof of Theorem 2 still
works with minor changes and therefore the details are omitted.

Conversely, suppose that Ty , : A2 — B,, is compact, then it is clear that
Ty AY — B, is bounded. It follows from the proof of Theorem 5 that
g € B,,. Let (zi)ren be a sequence in B such that |¢(zx)| — 1 as k — oo.
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Set

-1/p
(26)  fu(z) = (ml_wﬁ) (mﬁ), keN.

Using Theorem 1.12 of [16], we see that (fx)ren is a bounded sequence in
AP . Moreover, fr — 0 uniformly on compact subsects of B. It follows
from Lemma 3 that |7y, fx|5, — 0 as k — oo. Since

1Ty frllz, = suppu(|z])|R(Tg,pfr)(2)]
z€EB
2 1/q
27 > zk|) | Rg(z In—— ,
(21) >l DRo(e)] (10 T
we obtain
2 1/q

li In—— =

Jm () R (e0)] (10 = ) =0
from which we get the desired result. |

Theorem 7. Assume that p > 1, 1/p+1/g=1 and n+1+a =0,
g € H(B), ¢ is a holomorphic self-map of B and p is a normal function
on [0,1). Then Ty, : AL, — B, o is bounded if and only if Ty, : AL — B,
is bounded and g € B .

Proof. Suppose that T, , : A5, — B,, 0 is bounded, then T, : A? — B,
is bounded. Taking f(z) = 1, then employing the boundedness of T, :
AP — B, we get g € B, o, as desired.

Conversely, suppose that T, , : A? — B,, is bounded and g € B, 9. For
each polynomial p(z),

(28) (|2 R(T,0p) ()] = p(lz)Ip(0(2))[[Rg(2)] < [Iplloope(|2]) Ry (2)]-

From the above inequality, it follows that for each polynomial p, T, ,,(p) €
B,.0- Since the set of all polynomials is dense in A?, for every f € AP there
is a sequence of polynomials (px)ren such that ||py — fllaz — 0 as k — oo
From the boundedness of T, : A? — B,,, we have that

(29) HTgwpk - Tg7saf|

8. < | Tgell lpk = fllaz =0, ask — oo
From this and since B, is a closed subset of B,,, we obtain
(30) Typf = lim Ty opk € Byo-

k—o0

Therefore Ty, : AL — B, o is bounded. The proof is completed. O
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Using Theorems 6 and 7, similarly to the proof of Theorem 4, we obtain
the following result. We omit the proof.

Theorem 8. Assume that p > 1, 1/p+1/g=1 and n+1+a =0,
g € H(B), ¢ is a holomorphic self-map of B and p is a normal function
on [0,1). Then Ty, : AL — B, o is compact if and only if

. 2 1/q
(31) Jim w(2DRg(2) (") =0

From Theorems 5-8, we have the following corollary.

Corollary 2. Suppose p > 1, 1/p+1/g=1 and n+1+a =0. Let
g€ H(B) and 0 < 8 < oco. Then the following statements hold.

(i) T, : AZ, — BP is bounded if and only if T, : AP, — Bg is bounded if
and only if

2 1/q
sup(1 — |2|2)P|Rg(2)|( In —— < 00;
sup (1~ |=°) Ry =) (10 115

(ii) T, : A2 — BP is compact if and only if Ty : AL, — Bg is compact if

and only if

2 1/q
lim (1 — |2[*)? n———) =
Jim (1= o) g )| (10 7 —) =0

Next we consider the case of 0 < p < 1.

Theorem 9. Assume that n+1+a=0 and 0<p <1, g€ H(B), ¢
is a holomorphic self-map of B and p is a normal function on [0,1). Then
Ty 2 AP — B, is bounded if and only if g € B,,.

Proof. Suppose that g € B,,. For an f € AL, by Lemma 1 we have
Sggu(|2|)|%(Tg7¢f)(Z)I = SlelgM(IZI)If(w(Z))H%g(ZN
ClIf 1l az sup pu(|z])[Rg(2)].
z€B

IN

From the above inequality we see that T, : A2 — B,, is bounded.
Conversely, suppose that T, : A2, — B,, is bounded. Taking f(z) =1,
then using the boundedness of Ty , : A2 — B,,, we get the desired result.
]

Theorem 10. Assume that n+1+a =0 and 0<p <1, g€ H(B), ¢
is a holomorphic self-map of B and p is a normal function on [0,1). Then
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Ty : AP — B,, is compact if and only if g € B, and

(32) lim pu(|=])[Rg(2)| = 0.

lp(2)|—=1

Proof. Suppose that g € B, and that (32) holds. In this case, the proof
is similar to the proof of Theorem 2 and hence we omit it.

Conversely, suppose that Ty, : A2 — B, is compact. Then it is clear
that Ty, : A2 — B, is bounded. It follows from Theorem 9 that g € B,,.
Let (zr)ken be a sequence in B such that |p(z;)] — 1 as k — co. Set

1— |o(z)]?

fe(2) = —F———
1 —(z,0(2x))
From Theorem 6.6 of [16] we see that (fx)ren is a bounded sequence in

AP . Moreover, fi converges to zero uniformly on compact subsects of B.
In view of Lemma 3 it follows that

, keN

(33) limsup || Ty, fx|l5, = 0.
k—o0
On the other hand, we have

(34) |‘Tg7safk|

B, = fggu(IZI)I%(Tg,pfk)(Z)l > pu(lz]) Ry (zx)]-

Combining (33) with (34) we see that (32) holds. The proof is completed.
O

Theorem 11. Assume that n+1+a =0 and 0<p <1, g€ H(B), ¢
is a holomorphic self-map of B and p is a normal function on [0,1). Then
the following statements are equivalent.

(i) Ty, : A — B, o is bounded;

(i) Ty,p : AL, — Buo is compact;

(ili) g € Buo-

Proof. (i) = (i). This implication is obvious.

(i) = (#i). Taking f(z) = 1 and employing the boundedness of
Ty AP, — B, 0 we get that g € B, 0.

(i73) = (i1). Suppose that g € B, o. For any f € AP with [[f|l4» <1,
we have

p(lzDR(Ty0 F)(2)] < Cll fllaz p(lzD) R (2)] < Cul|2])[Rg(2)],
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from which we obtain

lim —sup p([2]) [ R(Ty,0 f)(2)] < C‘li‘gllu(IZI)mg(Zﬂ =0.

z|—1
2= 11 £l ,p <1

Using Lemma 2 we see that T, , : A» — B, is compact and the assertion
follows. O

From Theorems 9-11, we obtain the following corollary.

Corollary 3. Suppose 0 <p<1 and n+1+a=0. Let g € H(B) and
0 < B <oo. Then the following statements hold.
(i) T, : AZ, — BP is bounded if and only if g € B?;
(ii) T, : AL — BP is compact if and only if T, : AP, — Bg is bounded
if and only if Ty : AL, — Bg is compact if and only if g € Bg.

2.3. Case n+1+a<0.
Theorem 12. Assume that p >0 and n+14+a <0, g € H(B), ¢ is
a holomorphic self-map of B and p is a normal function on [0,1). Then
the following statements are equivalent.
(i) Ty, : AL — B, is bounded;
(ii) Ty, : AL — B, is compact;
(i) g € B,,.

Proof. (#) = (7). It is obvious.

(i) = (ir). Taking f(z) =1, then using the boundedness of T, ,, : AZ —
B, we get the desired result.

(#i) = (éi). Suppose that g € B,. For an f € AP, by Lemma 1 we
see that f is continuous on the closed unit ball and so is bounded in B.
Therefore

(35) wllzDIR(Ty,0 F)(2)| = u([2DIF (P (2)[Rg(2)] < Ol fl| az u(|2])[Rg (2)]-

From the above inequality we see that T, ., : AZ — B, is bounded. Let
(fr)ken be any bounded sequence in AP, and fi — 0 uniformly on B as
k — oco. We have

[Ty fxll5, = sup u(|z])[frx(0(2))Rg(2)] < llglls, sup [ fr(e(2))] =0,
z€B z€B

as k — oo. Employing Lemma 4, the implication follows. O

Theorem 13. Assume that p >0 and n+14+a <0, g € H(B), ¢ is
a holomorphic self-map of B and p is a normal function on [0,1). Then
the following statements are equivalent.
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(i) Ty, : AL — B0 is bounded;
(i) Ty, : AP — B, is compact,
(i) g € Byo.

Proof. The proof is similar to the proof of Theorem 11 and therefore we
omit the details. O

From Theorems 12 and 13, we get the following corollary.

Corollary 4. Suppose p >0 and n+ 1+ a < 0. Let g € H(B) and
0 < B <oo. Then the following statements hold.
(i) T, : A — BP is bounded if and only if T, : AP — BP is compact
if and only if g € BP;
(i) Ty : A2 — BY is bounded if and only if T, : AL — BY is compact
if and only if g € Bg.
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