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Abstract. Superposition of Fourier transform with the Riemann - Liouville

operators is studied.

1. Introduction

Let ℝ := (−∞,+∞). We denote ∥𝑓∥𝑝 :=
(∫

ℝ
∣𝑓(𝑥)∣𝑝𝑑𝑥)1/𝑝 for 1 ≤ 𝑝 <

∞ and ∥𝑓∥∞ := esssup𝑥∈ℝ
∣𝑓(𝑥)∣. By 𝐿𝑝(ℝ) we denote the Lebesgue space

of all measurable functions on ℝ such that ∥𝑓∥𝑝 < ∞. Similar notations

are applied for ℝ+ := [0,+∞).

For 𝑓 ∈ 𝐿1(ℝ) , the Fourier transform 𝐹𝑓 is defined by

𝐹𝑓(𝑥) :=
1√
2𝜋

∫ ∞

−∞
𝑓(𝑡)𝑒𝑖𝑥𝑡𝑑𝑡.

In particular cases, when 𝑓 is even or odd, the Fourier transforms are

𝐹𝑐𝑓(𝑥) :=

√
2

𝜋

∫ ∞

0

𝑓(𝑡) cos𝑥𝑡𝑑𝑡
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and

𝑖𝐹𝑠𝑓(𝑥) := 𝑖

√
2

𝜋

∫ ∞

0

𝑓(𝑡) sin𝑥𝑡𝑑𝑡,

respectively. 𝐹𝑐𝑓 and 𝐹𝑠𝑓 are called the cosine and sine Fourier transforms

and may be independently defined for a function on ℝ+. It is well known

[6, Theorem 74] that for 𝑓 ∈ 𝐿𝑝(ℝ), 1 < 𝑝 ≤ 2, there exist 𝐹𝑓 ∈ 𝐿𝑝′
(ℝ)

such that lim𝑎→∞ ∥𝐹𝑓 − 𝐹𝑓𝑎∥𝑝′ = 0, where 𝑝′ = 𝑝
𝑝−1 and

𝐹𝑓𝑎(𝑥) :=
1√
2𝜋

∫ 𝑎

−𝑎

𝑒𝑖𝑥𝑡𝑓(𝑡)𝑑𝑡, 𝑎 > 0.

Moreover, the Planscherel-Titchmarsh inequality

(1) ∥𝐹𝑓∥𝑝′ ≤ 𝐶(𝑝)∥𝑓∥𝑝
holds. The similar results are valid for the sine and cosine Fourier

transforms.

R. Bellman [1] stated and B. I. Golubov [3] proved the following equalities:

(2) 𝑃𝐹𝑐𝑓 = 𝐹𝑐𝑄𝑓,

if 𝑓 ∈ 𝐿𝑝(ℝ), 1 ≤ 𝑝 ≤ 2 and

(3) 𝑄𝐹𝑐𝑓 = 𝐹𝑐𝑃𝑓,

if 𝑓 ∈ 𝐿𝑝(ℝ), 1 < 𝑝 ≤ 2, where

𝑃𝑓(𝑥) :=
1

𝑥

∫ 𝑥

0

𝑓(𝑠)𝑑𝑠

and

𝑄𝑓(𝑥) :=

∫ ∞

𝑥

𝑓(𝑠)

𝑠
𝑑𝑠

are the Hardy operators.

The aim of the paper is to prove the equalities similar to (2) and (3),

where the Hardy operators 𝑃 and 𝑄 are replaced by the Riemann-Liouville

operators.

By 𝐶 , we denote constants, which may be different in different

occurences.
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2. Main results

Let 𝛼 > 0. The Riemann-Liouville operators are defined for a function

on the semiaxis ℝ+ as follows:

𝐵𝛼𝑓(𝑥) :=
1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑡)𝛼−1𝑓(𝑡)𝑑𝑡

and

𝐻𝛼𝑓(𝑥) :=

∫ ∞

𝑥

(𝑡− 𝑥)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡.

It is known [4, Theorem 329] that

(4) ∥𝐵𝛼𝑓∥𝑝 ≤ 𝐶𝛼,𝑝∥𝑓∥𝑝
for 1 < 𝑝 ≤ ∞ and

(5) ∥𝐻𝛼𝑓∥𝑝 ≤ 𝐶𝛼,𝑝∥𝑓∥𝑝
for 1 ≤ 𝑝 < ∞.

Theorem 1. Let 1 < 𝑝 ≤ 2 and 𝛼 > 1/𝑝′ and suppose that 𝑓 ∈ 𝐿𝑝(ℝ+).

Then

(6) 𝐵𝛼[𝐹𝑐𝑓 ](𝑥) = 𝐹𝑐[𝐻𝛼𝑓 ](𝑥), a.e 𝑥 ∈ ℝ+

and

(7) 𝐵𝛼[𝐹𝑠𝑓 ](𝑥) = 𝐹𝑠[𝐻𝛼𝑓 ](𝑥), a.e 𝑥 ∈ ℝ+ .

Proof. We start with the proof of (6). Let 1 < 𝑝 ≤ 2 and 𝑓 ∈
𝐿𝑝(ℝ+). Then 𝐹𝑐𝑓 ∈ 𝐿𝑝′

(ℝ+), where 𝑝′ ∈ [2,∞). Applying (4) we find

𝐵𝛼[𝐹𝑐𝑓 ] ∈ 𝐿𝑝′
(ℝ+). Let 𝑎 > 0 and 𝑓𝑎(𝑥) = 𝑓𝜒(0,𝑎)(𝑥), where 𝜒(0,𝑎)(𝑥) is

the characteristic function (indicator) of an interval (0, 𝑎). Then

𝐹𝑐(𝑓𝑎)(𝑥) =

√
2

𝜋

∫ 𝑎

0

𝑓(𝑡) cos𝑥𝑡𝑑𝑡.

First we show that if 𝛼 > 1/𝑝′, then

(8) 𝐵𝛼[𝐹𝑐𝑓 ](𝑥) = lim
𝑎→∞𝐵𝛼[𝐹𝑐(𝑓𝑎)](𝑥) for all 𝑥 ∈ ℝ+ .

Indeed, by Hölder’s and Planscherel-Titchmarsh’s inequalities

∣𝐵𝛼[𝐹𝑐𝑓 ](𝑥) −𝐵𝛼[𝐹𝑐(𝑓𝑎)](𝑥)∣ ≤ 1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑦)𝛼−1∣𝐹𝑐𝑓(𝑦) − 𝐹𝑐(𝑓𝑎)(𝑦)∣𝑑𝑦



292 On Bellman-Golubov theorems

≤ 𝐶𝑥−1/𝑝′∥𝐹𝑐𝑓 − 𝐹𝑐(𝑓𝑎)∥𝑝′ → 0, 𝑎 → ∞
and (8) follows. Next we show that

(9) 𝐵𝛼[𝐹𝑐(𝑓𝑎)](𝑥) = 𝐹𝑐[𝐻𝛼(𝑓𝑎)](𝑥).

By the Fubini theorem and by change of variables we have

𝐵𝛼[𝐹𝑐(𝑓𝑎)](𝑥) =
1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑦)𝛼−1𝐹𝑐(𝑓𝑎)(𝑦)𝑑𝑦

=

√
2

𝜋

1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑦)𝛼−1𝑑𝑦

∫ 𝑎

0

𝑓(𝑡) cos 𝑦𝑡𝑑𝑡

=

√
2

𝜋

1

𝑥𝛼

∫ 𝑎

0

𝑓(𝑡)𝑑𝑡

∫ 𝑥

0

(𝑥− 𝑦)𝛼−1 cos 𝑦𝑡𝑑𝑦 = {𝑦𝑡 = 𝑥𝑢}

=

√
2

𝜋

∫ 𝑎

0

𝑓(𝑡)

𝑡𝛼
𝑑𝑡

∫ 𝑡

0

(𝑡− 𝑢)𝛼−1 cos𝑥𝑢𝑑𝑢.

On the other hand

𝐹𝑐[𝐻𝛼(𝑓𝑎)](𝑥) =

√
2

𝜋

∫ ∞

0

𝐻𝛼(𝑓𝑎)(𝑦) cos𝑥𝑦𝑑𝑦

=

√
2

𝜋

∫ ∞

0

cos𝑥𝑦𝑑𝑦

∫ ∞

𝑦

(𝑡− 𝑦)𝛼−1

𝑡𝛼
𝑓𝑎(𝑡)𝑑𝑡

=

√
2

𝜋

∫ 𝑎

0

𝑓(𝑡)

𝑡𝛼
𝑑𝑡

∫ 𝑡

0

(𝑡− 𝑦)𝛼−1 cos𝑥𝑦𝑑𝑦

and (9) follows. Now, since 𝑓 ∈ 𝐿𝑝(ℝ+), 𝑝 ∈ (1, 2], then by (5) we have

𝐻𝛼𝑓 ∈ 𝐿𝑝(ℝ+) and 𝐹𝑐[𝐻𝛼𝑓 ](𝑥) ∈ 𝐿𝑝′
(ℝ+). We show that

(10) lim
𝑎→∞ ∥𝐹𝑐[𝐻𝛼𝑓 ] − 𝐹𝑐[𝐻𝛼(𝑓𝑎)]∥𝑝′ = 0.

Write

𝐹𝑐[𝐻𝛼(𝑓𝑎)](𝑥) =

√
2

𝜋

∫ 𝑎

0

cos𝑥𝑦𝑑𝑦

∫ 𝑎

𝑦

(𝑡− 𝑦)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡

= 𝐹𝑐[𝐻𝛼𝑓 ]𝑎(𝑥) −
√

2

𝜋

∫ 𝑎

0

cos𝑥𝑦𝑑𝑦

∫ ∞

𝑎

(𝑡− 𝑦)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡.
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Applying Minkowskii’s inequality

∥𝐹𝑐[𝐻𝛼𝑓 ] − 𝐹𝑐[𝐻𝛼(𝑓𝑎)]∥𝑝′ ≤ ∥𝐹𝑐[𝐻𝛼𝑓 ] − 𝐹𝑐[𝐻𝛼𝑓 ]𝑎∥𝑝′

+

(∫ ∞

0

∣∣∣∣
∫ 𝑎

0

cos𝑥𝑦𝑑𝑦

∫ ∞

𝑎

(𝑡− 𝑦)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡

∣∣∣∣
𝑝′
𝑑𝑥

)1/𝑝′

.

By Planscherel-Titchmarsh’s inequality

∥𝐹𝑐[𝐻𝛼𝑓 ] − 𝐹𝑐[𝐻𝛼𝑓 ]𝑎∥𝑝′ ≤ 𝐶(𝑝)∥𝐻𝛼𝑓 − [𝐻𝛼𝑓 ]𝑎∥𝑝

= 𝐶(𝑝)

(∫ ∞

𝑎

∣𝐻𝛼𝑓(𝑥)∣𝑝𝑑𝑥
)1/𝑝

→ 0, 𝑎 → ∞

and (10) follows if

(11) lim
𝑎→∞

∫ ∞

0

∣∣∣∣
∫ 𝑎

0

cos𝑥𝑦𝑑𝑦

∫ ∞

𝑎

(𝑡− 𝑦)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡

∣∣∣∣
𝑝′
𝑑𝑥 = 0.

By Planscherel-Titchmarsh’s and Hölder’s inequalities we find

(∫ ∞

0

∣∣∣∣
∫ 𝑎

0

cos𝑥𝑦𝑑𝑦

∫ ∞

𝑎

(𝑡− 𝑦)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡

∣∣∣∣
𝑝′
𝑑𝑥

)1/𝑝′

≤ 𝐶

(∫ 𝑎

0

∣∣∣∣
∫ ∞

𝑎

(
1 − 𝑦

𝑡

)(𝛼−1) 𝑓(𝑡)

𝑡
𝑑𝑡

∣∣∣∣
𝑝

𝑑𝑦

)1/𝑝

≤ 𝐶

(∫ 𝑎

0

(
1 − 𝑦

𝑎

)𝑝(𝛼−1)

𝑑𝑦

)1/𝑝 ∣∣∣∣
∫ ∞

𝑎

𝑓(𝑡)

𝑡
𝑑𝑡

∣∣∣∣
= 𝐶1𝑎

1/𝑝

∣∣∣∣
∫ ∞

𝑎

𝑓(𝑡)

𝑡
𝑑𝑡

∣∣∣∣
≤ 𝐶2

(∫ ∞

𝑎

∣𝑓(𝑡)∣𝑝𝑑𝑡
)1/𝑝

→ 0, 𝑎 → ∞

since 0 < 1 − 𝑦
𝑎 ≤ 1 − 𝑦

𝑡 ≤ 1, 0 ≤ 𝑦 ≤ 𝑎 ≤ 𝑡 < ∞, and (11) is proved.

Observe that (10) implies the existence of a subsequence {𝑎𝑘}, 𝑎𝑘 → ∞
such that

𝐹𝑐[𝐻𝛼𝑓 ](𝑥) = lim
𝑘→∞

𝐹𝑐[𝐻𝛼(𝑓𝑎𝑘
)](𝑥) a.e 𝑥 ∈ ℝ+ .

Now (6) follows from this, (8) and (9). The proof of (7) is analogous. □

Theorem 2. Let 𝑓 ∈ 𝐿𝑝(ℝ+), where 1 < 𝑝 ≤ 2 and let 𝛼 > 1/𝑝′. Then

(12) 𝐻𝛼[𝐹𝑐𝑓 ](𝑥) = 𝐹𝑐[𝐵𝛼𝑓 ](𝑥), a.e. 𝑥 ∈ ℝ+
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and

(13) 𝐻𝛼[𝐹𝑠𝑓 ](𝑥) = 𝐹𝑠[𝐵𝛼𝑓 ](𝑥), a.e. 𝑥 ∈ ℝ+ .

Proof. Applying Planscherel-Titchmarsh’s inequality and (4) we have

𝐻𝛼[𝐹𝑐𝑓 ](𝑥) ∈ 𝐿𝑝′
(ℝ+). For 𝐴 > 𝑥 > 0 by Fubini’s theorem we write

(14)∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝑑𝑦

∫ 𝑎

0

𝑓(𝑡) cos 𝑦𝑡𝑑𝑡 =

∫ 𝑎

0

𝑓(𝑡)𝑑𝑡

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
cos 𝑦𝑡𝑑𝑦.

Let us show that if 𝑎 → +∞, then the equality

(15)∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝐹𝑐(𝑓)(𝑦)𝑑𝑦 =

√
2

𝜋

∫ ∞

0

𝑓(𝑡)𝑑𝑡

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
cos 𝑦𝑡𝑑𝑦

holds. Indeed, for the left hand side of (14) we have√
2

𝜋

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝑑𝑦

∫ 𝑎

0

𝑓(𝑡) cos 𝑦𝑡𝑑𝑡 =

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝐹𝑐(𝑓𝑎)(𝑦)𝑑𝑦

and by Lebesgue’s theorem on dominated convergence

lim
𝑎→∞

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝐹𝑐(𝑓𝑎)(𝑦)𝑑𝑦 =

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝐹𝑐𝑓(𝑦)𝑑𝑦.

It implies that the right hand side of (14) is convergent for 𝑎 → ∞ and

(15) holds with the first integral on the right in the Riemann sense. Now,

by Hölder’s inequality

∫ ∞

𝑥

∣∣∣∣ (𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝐹𝑐𝑓(𝑦)𝑑𝑦

∣∣∣∣ ≤ ∥𝐹𝑐𝑓∥𝑝′

(∫ ∞

𝑥

(𝑦 − 𝑥)(𝛼−1)𝑝

𝑦𝛼𝑝
𝑑𝑦

)1/𝑝

= 𝐶∥𝐹𝑐𝑓∥𝑝′𝑥
− 1

𝑝′ < ∞.

Therefore, by Lebesgue’s theorem on dominated convergence there exist a

finite limit of the left hand side of (15)

lim
𝐴→+∞

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝐹𝑐𝑓(𝑦)𝑑𝑦 =

∫ ∞

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
𝐹𝑐𝑓(𝑦)𝑑𝑦.

Hence,

(16) 𝐻𝛼[𝐹𝑐𝑓 ](𝑥) =

√
2

𝜋

∫ ∞

0

𝑓(𝑡)𝑑𝑡

∫ ∞

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
cos 𝑦𝑡𝑑𝑦
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for all 𝑥 ∈ ℝ+ with both the integrals on the right in the Riemann sense.

To justify (16) with both the integrals on the right in the Lebesgue sense,

we consider the function from the right hand side of (15)

ℎ𝑥,𝐴(𝑡) :=

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
cos 𝑦𝑡𝑑𝑦,

when 𝑡 → +0 and 𝑡 → +∞. If 𝑡 → +0, then

ℎ𝑥,𝐴(𝑡) =

∫ 𝐴𝑡

𝑥𝑡

(𝑧 − 𝑥𝑡)𝛼−1

𝑧𝛼
cos 𝑧𝑑𝑧

=

∫ 𝐴𝑢/𝑥

𝑢

(𝑧 − 𝑢)𝛼−1

𝑧𝛼
cos 𝑧𝑑𝑧

=

∫ (𝐴/𝑥−1)𝑢

0

𝑠𝛼−1

(𝑠 + 𝑢)𝛼
cos (𝑠 + 𝑢)𝑑𝑠 := 𝑊 (𝑢)

To estimate 𝑊 (𝑢), we shall use the asymptotic formulae from [2, Chapter

1, Section 4]. Let 𝜃 ∈ ℝ, 𝛽 > 0, 𝜑(𝑡) ∈ 𝐶[0, 𝑎] and let 𝜃 + 𝛽 = 𝑁, where

𝑁 is a non-negative integer. Then∫ 𝑎

0

𝑡𝛽−1(𝑡 + 𝜀)𝜃𝜑(𝑡, 𝜀)𝑑𝑡(17)

∼
𝑁∑

𝑛≥max[0,−𝑁 ]

(
𝑛 + 𝑁

𝜃

)
∂𝑛𝜑(𝑡, 𝜀)

∂𝑡𝑛

∣∣∣∣
𝑡=0

𝜀𝑛+𝑁 ln(1/𝜀) +

∞∑
𝑛=0

𝑏𝑛𝜀
𝑛,

for 𝜀 → 0, if 𝜀 ∈ 𝑆𝛿 := {0 < ∣𝜀∣ ≤ 𝑟, ∣ arg 𝜀∣ ≤ 𝜋− 𝛿]} ⊂ ℂ, 𝑏𝑛 are constants

and 𝜑(𝑡, 𝜀) ∈ 𝐶∞([0, 𝑎] × [𝜀 : ∣𝜀∣ < 𝑟]).

If we take 𝜑(𝑠, 𝑢) := cos(𝑠+𝑢), 𝛽 := 𝛼, 𝜃 := −𝛼, so that 𝜃+𝛽 = 𝑁 = 0,

then by (17), we find

𝑊 (𝑢) ∼ cos𝑢 ln(1/𝑢), 𝑢 → +0 .

Hence,

(18) ℎ𝑥,𝐴(𝑡) = 𝑂(ln(1/𝑥𝑡)), 𝑡 → +0 .

For the case 𝑡 → +∞ we write

ℎ𝑥,𝐴(𝑡) =

∫ 𝐴

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
cos 𝑦𝑡𝑑𝑦 =

∫ 𝐴−𝑥

0

𝑦𝛼−1

(𝑦 + 𝑥)𝛼
cos 𝑡(𝑦 + 𝑥)𝑑𝑦

= ℜ𝑒𝑖𝑥𝑡
∫ 𝐴−𝑥

0

𝑔(𝑦)𝑑

(
−
∫ ∞

𝑦

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢

)
=: ℜ𝑒𝑖𝑥𝑡Φ𝛼(𝑡),
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where 𝑔(𝑦) = (𝑦 + 𝑥)−𝛼. Integrating by parts, we obtain

Φ𝛼(𝑡) = 𝑔(0)

∫ ∞

0

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢− 𝑔(𝐴− 𝑥)

∫ ∞

𝐴−𝑥

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢

+

∫ 𝐴−𝑥

0

(∫ ∞

𝑦

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢

)
𝑔′(𝑦)𝑑𝑦.

Put 𝑢 − 𝑦 = 𝜌𝑒𝑖
𝜋
2 and 𝑢 = 𝑟𝑒𝑖𝜃 , then 𝜌 ≤ 𝑟, 0 ≤ 𝜃 ≤ 𝜋

2 . If ∣𝑢∣ ≥ 𝑦, then

∣𝑢∣𝛼−1 ≤ 𝑦𝛼−1, so that∣∣∣∣
∫ ∞

𝑦

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢

∣∣∣∣ ≤ 𝑦𝛼−1

∫ ∞

0

𝑒−𝑡𝜌𝑑𝜌 = Γ(1)𝑦𝛼−1𝑡−1.

Hence, ∫ 𝐴−𝑥

0

(∫ ∞

𝑦

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢

)
𝑔′(𝑦)𝑑𝑦 = 𝑂(𝑡−1).

Analogously, ∫ ∞

𝐴−𝑥

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢 = 𝑂(𝑡−1)

and also it is known that∫ ∞

0

𝑢𝛼−1𝑒𝑖𝑢𝑡𝑑𝑢 = 𝑒−𝜋𝑖𝛼/2𝑡−𝛼Γ(𝛼).

Therefore,

(19) ℎ𝑥,𝐴(𝑡) = 𝑂(𝑡−𝛼), 𝑡 → +∞ .

Thus, it follows from (18) and (19) that there exist a function

𝐺(𝑡) = ∣𝑓(𝑡)∣{𝜒[0,1/2](𝑡)∣ ln(1/𝑥𝑡)∣ + 𝜒[1/2,∞)(𝑡)𝑡
−𝛼} ∈ 𝐿1(0,∞)

such that

∣𝑓(𝑡)ℎ𝑥,𝐴(𝑡)∣ ≤ 𝐺(𝑡).

By Lebesgue’s theorem on dominated convergence∫ ∞

0

𝑓(𝑡)𝑑𝑡

∫ ∞

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
cos 𝑦𝑡𝑑𝑦 = lim

𝐴→∞

∫ ∞

0

𝑓(𝑡)ℎ𝑥,𝐴(𝑡)𝑑𝑡.

It implies

(20) 𝐻𝛼[𝐹𝑐𝑓 ](𝑥) =

√
2

𝜋

∫ ∞

0

𝑓(𝑡)ℎ𝑥,∞(𝑡)𝑑𝑡.
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By change of variables we find

ℎ𝑥,∞(𝑡) =

∫ ∞

𝑥

(𝑦 − 𝑥)𝛼−1

𝑦𝛼
cos 𝑦𝑡𝑑𝑦 = {𝑦𝑡 → 𝑣}

=

∫ ∞

𝑥𝑡

(𝑣 − 𝑥𝑡)𝛼−1

𝑣𝛼
cos 𝑣𝑑𝑣 = {𝑣 → 𝑥𝑦}

=

∫ ∞

𝑡

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos𝑥𝑦𝑑𝑦 = ℎ𝑡,∞(𝑥).

It follows from this and (20) that

𝐻𝛼[𝐹𝑐𝑓 ](𝑥) =

√
2

𝜋

∫ ∞

0

𝑓(𝑡)𝑑𝑡

∫ ∞

𝑡

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos𝑥𝑦𝑑𝑦.

Now we show that

(21) 𝐻𝛼[𝐹𝑐𝑓 ](𝑥) = lim
𝑎→∞

√
2

𝜋

∫ 𝑎

0

𝑓(𝑡)𝑑𝑡

∫ 𝑎

𝑡

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos 𝑦𝑥𝑑𝑦.

We have∣∣∣∣
∫ ∞

𝑎

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos𝑥𝑦𝑑𝑦

∣∣∣∣
=

1

𝑥

∣∣∣∣ (𝑦 − 𝑡)𝛼−1

𝑦𝛼
sin𝑥𝑦

∣∣∣∣
∞

𝑎

−
∫ ∞

𝑎

sin𝑥𝑦 𝑑

(
(𝑦 − 𝑡)𝛼−1

𝑦𝛼

)∣∣∣∣
≤ (𝑎− 𝑡)𝛼−1

𝑎𝛼𝑥
+

1

𝑥

∫ ∞

𝑎

∣∣∣∣𝑑
(

(𝑦 − 𝑡)𝛼−1

𝑦𝛼

)∣∣∣∣ ≤ 2(𝑎− 𝑡)𝛼−1

𝑎𝛼𝑥
,

then∣∣∣∣
∫ 𝑎

0

𝑓(𝑡)𝑑𝑡

∫ ∞

𝑡

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos 𝑦𝑥𝑑𝑦 −

∫ 𝑎

0

𝑓(𝑡)𝑑𝑡

∫ 𝑎

𝑡

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos 𝑦𝑥𝑑𝑦

∣∣∣∣
=

∣∣∣∣
∫ 𝑎

0

𝑓(𝑡)𝑑𝑡

∫ ∞

𝑎

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos 𝑦𝑥𝑑𝑦

∣∣∣∣ ≤
∫ 𝑎

0

2(𝑎− 𝑡)𝛼−1

𝑎𝛼𝑥
∣𝑓(𝑡)∣𝑑𝑡

and by Hölder’s inequality

lim
𝑎→∞

∫ 𝑎

0

2(𝑎− 𝑡)𝛼−1

𝑎𝛼𝑥
∣𝑓(𝑡)∣𝑑𝑡 ≤ lim

𝑎→∞ 2𝐶(𝛼, 𝑝)
𝑎𝛼−1/𝑝

𝑎𝛼𝑥
∥𝑓∥𝐿𝑝 = 0.

Again applying Hölder’s inequality∣∣∣∣
∫ ∞

0

𝑓(𝑡)𝑑𝑡

∫ ∞

𝑡

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos 𝑦𝑥𝑑𝑦 −

∫ 𝑎

0

𝑓(𝑡)𝑑𝑡

∫ ∞

𝑡

(𝑦 − 𝑡)𝛼−1

𝑦𝛼
cos 𝑦𝑥𝑑𝑦

∣∣∣∣
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=

∣∣∣∣
∫ ∞

𝑎

𝑓(𝑡)ℎ𝑥,𝐴(𝑡)𝑑𝑡

∣∣∣∣ ≤ 𝐶

(∫ ∞

𝑎

∣𝑓 ∣𝑝𝑑𝑡
)1/𝑝 (∫ ∞

𝑎

𝑡−𝛼𝑝′
𝑑𝑡

)1/𝑝′

→ 0, 𝑎 → ∞
and (21) follows. Changing the order of integrals on the right hand side of

(21), we find

(22) 𝐻𝛼[𝐹𝑐𝑓 ](𝑥) = lim
𝑎→∞𝐹𝑐[𝐵𝛼𝑓 ]𝑎(𝑥)

Since

(23) lim
𝑎→∞ ∥𝐹𝑐[𝐵𝛼𝑓 ] − 𝐹𝑐[𝐵𝛼𝑓 ]𝑎∥𝑝′ = 0,

then there exist a sequence 𝑎𝑘 such that 𝑎𝑘 → ∞, 𝑘 → ∞ and

(24) 𝐹𝑐[𝐵𝛼𝑓 ] = lim
𝑘→∞

𝐹𝑐[𝐵𝛼𝑓 ]𝑎𝑘
(𝑥), 𝑎.𝑒. 𝑥 ∈ ℝ+

and (12) follows from (22), (23) and (24). The proof of (13) is analogous.

□
For the case 𝑝 = 1 we have the following analog of Theorems 1 and 3.

Theorem 3. If 𝑓 ∈ 𝐿1(ℝ+) and 𝛼 > 0, then for all 𝑥 ∈ ℝ+ the

equalities

(25) 𝐵𝛼[𝐹𝑐𝑓 ](𝑥) = 𝐹𝑐[𝐻𝛼𝑓 ](𝑥), 𝐵𝛼[𝐹𝑠𝑓 ](𝑥) = 𝐹𝑠[𝐻𝛼𝑓 ](𝑥)

hold.

Proof. By Fubini theorem we write

𝐵𝛼[𝐹𝑐𝑓 ](𝑥) =
1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑦)𝛼−1𝐹𝑐𝑓(𝑦)𝑑𝑦

=

√
2

𝜋

1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑦)𝛼−1

{∫ ∞

0

𝑓(𝑡) cos 𝑦𝑡𝑑𝑡

}
𝑑𝑦

=

√
2

𝜋

1

𝑥𝛼

∫ ∞

0

𝑓(𝑡)

{∫ 𝑥

0

(𝑥− 𝑦)𝛼−1 cos 𝑦𝑡𝑑𝑦

}
𝑑𝑡,

.

Changing 𝑡𝑦 = 𝑥𝑢, we have 𝑥− 𝑦 = 𝑥𝑡−𝑥𝑢
𝑡 , 𝑑𝑦 = 𝑥

𝑡 𝑑𝑢 and

𝐵𝛼[𝐹𝑐𝑓 ](𝑥) =

√
2

𝜋

∫ ∞

0

𝑓(𝑡)

𝑡𝛼

{∫ 𝑡

0

(𝑡− 𝑢)𝛼−1 cos𝑥𝑢𝑑𝑢

}
𝑑𝑡.
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On the other hand again by Fubini’s theorem

𝐹𝑐[𝐻𝛼𝑓 ](𝑥) =

√
2

𝜋

∫ ∞

0

𝐻𝛼𝑓(𝑦) cos𝑥𝑦𝑑𝑦

=

√
2

𝜋

∫ ∞

0

cos𝑥𝑦

{∫ ∞

𝑦

(𝑡− 𝑦)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡

}
𝑑𝑦

=

√
2

𝜋

∫ ∞

0

𝑓(𝑡)

𝑡𝛼

{∫ 𝑡

0

(𝑡− 𝑦)𝛼−1 cos𝑥𝑦𝑑𝑦

}
𝑑𝑡

and for all 𝑥 > 0 the equality

𝐵𝛼[𝐹𝑐𝑓 ](𝑥) = 𝐹𝑐[𝐻𝛼𝑓 ](𝑥)

follows. If 𝑥 = 0 then

𝐹𝑐[𝐻𝛼𝑓 ](0) =

√
2

𝜋

1

𝛼

∫ ∞

0

𝑓(𝑡)𝑑𝑡 =
1

𝛼
𝐹𝑐𝑓(0)

and for a continuous 𝑓 at 𝑥 = 0 we have

𝐵𝛼𝑓(0) := lim
𝑥→0

𝐵𝛼𝑓(𝑥) = lim
𝑥→0

1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑡)𝛼−1𝑓(𝑡)𝑑𝑡 =
1

𝛼
𝑓(0).

Therefore, if 𝑓 ∈ 𝐿1(ℝ+), then 𝐹𝑐𝑓(𝑥) is continuous and

𝐵𝛼[𝐹𝑐𝑓 ](0) := lim
𝑥→0

𝐵𝛼[𝐹𝑐𝑓 ](𝑥) =
1

𝛼
𝐹𝑐𝑓(0).

□
Now we extend the operators 𝐵𝛼 and 𝐻𝛼 on ℝ as follows.

𝐵𝛼𝑓(𝑥) :=

⎧⎨
⎩

1

𝑥𝛼

∫ 𝑥

0

(𝑥− 𝑡)𝛼−1𝑓(𝑡)𝑑𝑡, 𝑥 > 0

1

∣𝑥∣𝛼
∫ 0

𝑥

(∣𝑥∣ − ∣𝑡∣)𝛼−1𝑓(𝑡)𝑑𝑡, 𝑥 < 0

and

𝐻𝛼𝑓(𝑥) :=

⎧⎨
⎩

∫ ∞

𝑥

(𝑡− 𝑥)𝛼−1

𝑡𝛼
𝑓(𝑡)𝑑𝑡, 𝑥 > 0∫ 𝑥

−∞

(∣𝑡∣ − ∣𝑥∣)𝛼−1

∣𝑡∣𝛼 𝑓(𝑡)𝑑𝑡, 𝑥 < 0.

It is easy to see, that for even or odd functions 𝑓(𝑥), the images 𝐵𝛼𝑓(𝑥)

and 𝐻𝛼𝑓(𝑥) are even or odd too. As a consequence of Theorems 1 and 2,

we obtain the following result.
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Theorem 4. If 1 < 𝑝 ≤ 2 and 𝛼 > 1/𝑝′, then

𝐵𝛼[𝐹𝑓 ](𝑥) = 𝐹 [𝐻𝛼𝑓 ](𝑥), a.e 𝑥 ∈ ℝ

and

𝐻𝛼[𝐹𝑓 ](𝑥) = 𝐹 [𝐵𝛼𝑓 ](𝑥), a.e 𝑥 ∈ ℝ

for any 𝑓 ∈ 𝐿𝑝(ℝ).
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