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Abstract. In this paper a modular version of the classical Korovkin theorem
in multivariate modular function spaces is obtained and applications to some
multivariate discrete and integral operators, acting in Orlicz spaces, are given.

1. Introduction

The class of modular function spaces was introduced, for the first time,
by H. Nakano [29] and then extensively studied by J. Musielak [27] who
developed a theory of approximation in this general frame for classes of
linear and nonlinear operators ([28]). An abstract approach to the theory
of approximation was given in its definite form in [4]. This book represents
the first attempt at a comprehensive treatment of approximation theory in
modular spaces for nets of nonlinear operators. The interest in working in
such general spaces is mainly to ensure an unifying approach which includes,
by a unique method, several results in various functional spaces. Indeed
modular function spaces include LP-spaces, Orlicz spaces, Musielak-Orlicz
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spaces, the spaces of functions with bounded variation, Orlicz-Sobolev
spaces and more ([27], [23], [4]).

One of the most interesting results in classical approximation theory is
certainly given by the Korovkin theorem ([21], [22], [7]). The classical
Korovkin theorem states the uniform convergence in C([a,b]), the space
of the continuous real functions defined on [a,b], of a sequence of positive
linear operators, by stating the convergence only on three test functions
{1,2,22}. The work of Korovkin was inspired by the Bernstein proof of
the Weierstrass theorem ([6]). Here the author established the uniform
convergence of the Bernstein polynomials of the function f by stating it
only on the functions {1,z,2%}. There is also a trigonometric version of
the Korovkin theorem, using the test functions {1,cosz,sinz}, see [22],
[9]. Later on several extensions of the Korovkin theorem were obtained
in various settings. We quote here the books [12], [24], [13], [1] and
the extensive survey [16], which contains a wide list of references. Other
interesting generalizations were obtained in [18], [31].

Recently, versions of the Korovkin theorem were obtained in different
functional spaces, namely LP-spaces or abstract Lebesgue spaces (see, e.g.,
[5], [19], [26], [20], [14],[15], [8], [30], [32]. For more references on this topic
see [1], Appendix D).

In [3], we obtained an extension of the Korovkin theorem in the abstract
setting of the modular function spaces for real functions defined on a
compact interval [a,b], using the classical test set {1,z,2?} and its
elementary properties. In the present paper, we give a modular version
of the Korovkin theorem in multivariate modular function spaces. We start
with a generalized version of the Korovkin theorem for functions defined
on open precompact sets in a Hausdorff locally compact topological space,
provided with a regular measure defined on the Borel sets, in which a general
test set is used satisfying suitable assumptions. This general approach is
quite different from the classical one. Here we use a modification, suitable
for modular function spaces, of a technique employed in [24] (see also [31]).
Note that for certain function spaces, as for example LP-spaces, in general
it is not possible to get the convergence in L? of a sequence of positive linear
operators for all the LT functions, but it is necessary to consider suitable
subspaces, depending on the form of the operators involved. Given a finite
class of functions {e;} and a sequence T = (T,) of positive linear operators
such that (T,e;) converges to e;, with respect to the Luxemburg norm in
the modular space, we determine a subspace Xt such that (7},) converges
with respect to the modular topology on every function of this subspace.
Key tools for this result are a density property of the space of the continuous
functions in the modular space (see [25]) and a kind of ”approximate”
modular continuity assumption on the sequence (7},),en over the class. In
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particular we obtain, as a special case, a version of the Korovkin theorem in
LP spaces and in Orlicz or Musielak-Orlicz spaces. In Section 4, we apply
our general theory to some kind of discrete operators acting on multivariate
functions defined on nonempty bounded subsets of IR"™. Then in Section
5 we consider the case of Mellin type integral operators (see [10]) for one
dimensional Mellin convolution operators. Our result can be applied to
various classical operators like multivariate Bernstein operators ([24]) and
multivariate moment operators ([11] and [17]).

2. Notations and definitions

Let A be a nonempty open set in a Hausdorff locally compact topological
space H provided with a regular measure p defined on the Borel sets of
H. We will assume that A is compact. We will denote by X (A) the space
of all real-valued Borel measurable functions f : A — IR provided with
equality p-a.e., by C(A) the space of all continuous and bounded real
functions defined on A and by C,(A) the subset of C(A) whose elements
have a continuous extension to A. A functional ¢ : X (A) — IR is said to
be a modular on X (A) if

i) o[f]=0& f=0, ae. in A,
ii) o[—f]= olf], for every f € X(A),
iii) olof +Bg] < elf]+olgl, for every f,g € X(A), o, 20, a+5=1.
We will say that a modular p is Q-quasi convex if there is constant
Q@ > 1 such that

olaf + Bg] < QaplQf] + QBelQy],

for every f,g€ X(A4), a,>0, a+p=1.If Q =1 we will say that ¢ is
convex. By means of the functional o, we introduce the vector subspace of
X (A), denoted by L9(A), defined by

LE(4) = {f € X(4): Jim_o[Af] =0},

The subspace L2(A) is called the modular space generated by o. It is easy
to see that when ¢ is ()-quasi-convex we have the following characterization
of the modular space L9(A) :

Le(A) = {f € X(A): o[\ f] < 400 for some A > 0},
see for example [27] and [4]. The subspace of L¢(A) defined by

E°(A) ={f € L2(A) : o[\ f] < +oo for all A > 0}
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is called the space of the finite elements of L2(A), see [27]. The following
assumptions on modulars will be used

a) o is monotone, i.e. for f,g € X(A) and |f| < |g| then o[f] < olg]-

b) o is finite, i.e. denoting by eg the function eg(t) = 1 for every
te A, eg € L9(A). Note that clearly ey € Cy,(A).

¢) o is absolutely finite, i.e. o is finite and for every ¢ > 0, A >
0 there is 6 > 0 such that o[Axp] < ¢ for any measurable subset
B C A with u(B) < §. Here xp denotes the characteristic function
of the set B.

d) o is strongly finite, i.e. eg € E2(A).

e) o is absolutely continuous, i.e. there exists o > 0 such that for
every f € X(A), with o[f] < o0, the following condition is
satisfied: for every € > 0 there is 6 > 0 such that glafxp] < ¢, for
every measurable subset B C A with u(B) < 0.

For the above notions see, [27], [28] and [4]. Note that, since u(A4) <
400, if o is strongly finite and absolutely continuous then it is also
absolutely finite (see [2]).

Classical examples of modular spaces are given by the Orlicz spaces
generated by a ¢—function ¢ or, more generally, by any Musielak-Orlicz
space generated by a @-function ¢ depending on a parameter, satisfying
some growth condition with respect to the parameter (see [27], [23], [4] in
some special cases). The modular functionals generating the above spaces
satisfy all the previous assumptions.

We say that a sequence of functions (fn)nenw C L9(A) is modularly
convergent to a function f € L2(A), if there exists A > 0 such that
lim oA(fn — )] = 0.
n—-+4oo
This notion extends the norm-convergence in LP—spaces. Moreover it is

weaker than the F-norm-convergence induced by the Luxemburg F-norm
generated by ¢ and defined by

Il fll, = inf{u>0: o[f/u] < u}.

We recall that a sequence of functions (f,)nen is F-norm-convergent (or
strongly convergent) to f iff
lim o[A(fn — f)] =0
n—-+00
for every A > 0. The two notions of convergence are equivalent if and

only if the modular satisfies a As—condition, i.e. there exists a constant
M > 0 such that g[2f] < Mp[f], for every f € X(A), see [27]. For
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example, this happens for every LP-spaces and Orlicz spaces generated
by @-functions with the Ag-regularity condition (see [27], [4]). The
modular convergence induces a topology on L2(A), called modular topology.
Given a subset B C L2(A), we will denote by B the closure of B with
respect to the modular topology. Then f € B if there is a sequence
(fn)new C B such that f,, is modularly convergent to f. Let us remark
that C(A) C L¢(A) whenever p is monotone and finite. Indeed, for
A > 0 we have g[Af] < g[A]|f]lec€0], and so, since ey € L2(A), we have
limy_ o+ o[Af] = 0, that is f € L2(A). Analogously, if ¢ is monotone and
strongly finite, then C(A) C E?(A).

We have the following (see [25] and [4]).

Proposition 1. Let o be a monotone, absolutely finite and absolutely

continuous modular on X (A). Then C,(A) = Le(A).

3. A Korovkin theorem in modular function spaces

Let e1,...e, be m functions in C,(A) such that the following property
(P) holds: there exist continuous functions a; € Cy(A), i = 1,...m such
that the function

m

(1) Py(t) = Z a;(s)e;(t), s,t € A

=1

is positive and equal to zero if and only if s = ¢.

Let T = (Tw)new be a family of positive linear operators
T,:D— X(A), where C,(A) C D C X(A). Here D is the domain of
the operators T,. We will assume that the family (7),),emn satisfies the
following property

(%) : there exists a subset X0 C D N L2(A) with Cy(A) C Xt and
a constant R > 0 such that for every function f € Xt we have T, f €
Le(A) and

lim sup o[A(T,, f)] < Ro[Af]

n—-+o0o

for every A > 0.

Note that if T}, : D — X (A) are equi-continuous operators in L2(A), i.e.
o[AT,f] < Ro[\f] for an absolute constant R > 0 for every A > 0 and
for every f € DN L2(A), then clearly we can take X1 = L2(A) N'D. We
will provide an example of T, for which property () holds for a suitable
subspace Xt # L2(A) N'D but it is not continuous in L2(A).
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In what follows, we will assume that

(2) lim Tphe; =e;, i =1,...m modularly in L?(A).

n—-+00

Lemma 1. Let ¢ be a monotone modular. Let the assumption (2) be
satisfied and let us consider the function

m
t) = Zaiei(t)a te Z7
=1

where a; are constants. Then lim,_, oo T, P = P modularly in L9(A).

Proof. From (2) we can find a constant A > 0 such that

lim o[ANThe;i—e;)]=0,i=1,...m

n—-+o0o

Let M be such that |a;] < M for every i =1,...m and let « > 0 be such
that amM < X. Then, using the property of the modular, we get

ola(T,, P — P)] Z olamM (Tre; — e;)] < o[AMTre; —e;)]
=1 i=1
and so the assertion follows. O

Lemma 2. Let o be a monotone modular. Let the assumptions (P)
and (2) be satisfied. Then for the function Ps(t) in (1) there holds
limy, 4 oo (T Py)(-) = 0 modularly in L2(A).

Proof. Let M > 0 be so large that |a;(s)| < M forevery i =1,...,m and
for every s € A. From (2) we can find a constant A > 0 such that

lim o[AThe; —e;)] =0, i=1,.

n—-+o0o

Let o« > 0 be such that amM < A. Then

ola(TnPy)()] = ola((TaP())()) — Py(+))]
< ZgamMTez— ZQ (Thei — e;)]
=1 =1
and so the assertion follows. O

Lemma 3. Let p be a finite, monotone and @ -quasi-conver modular.
Let the assumptions (P) and (2) be satisfied. Let fs € Cy(A), s € A, be
a family of functions such that fs(t) is a continuous function of (t,s) €
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Ax A and fi(s) = 0 for every s € A. Then lim, . oo(T)f())(-) =
0 modularly in L°(A).

Proof. Firstly, note that there exists a function P of the form ﬁ(t) =
St azei(t), such that P(t) > 0 for all t € A. Indeed, given two points
51 # so of A we can take P = P;, + Ps,. Let us consider the diagonal
B = {(s,8) : s € A}. For a given 0 < ¢ < 1, each point of B has
an open neighbourhood U in A x A for which |fs(t)] < e for every
(t,s) € U. We put G = JU and F = (A x A)\ G. Then F is compact.
Let 0 = ming gep Ps(t) > 0, © = max( ger|fs(t)]. Clearly for every
(t,s) € Ax A we have |f,(t)] < e+ %PS (t). Applying the operators T,, we
have

(T )(5)| < e(Tco)s) + 5 (T P2 (o)
Then, for v > 0 we have
T )] < o2e(Tueo) O] + 027 (T P) ()

Qeol29Q(Teo)()] + o2 g (TuP)(] = i + T

IA

Let us consider ;. We can choose a positive constant a > 0 such that
1 =eo(t) <aP(t), t € A. So applying the modular we have

< oQaTP))] )
< o4 Qa((TwP)(-) — P())] + eldvQaP(-)]
Iiq+ I 9.

0[2vQ(Theo)(+)]

Let us consider I;;. By Lemma 1, there exists o > 0 such that

ola((TwP)(-) = P(-)] < 1

for sufficiently large n. For Iy since the functions eq,...,e, €
L9(A), there exists v > 0 such that plre;] < +oo for every i =
1,...,m. Now, putting M = max;—1, . |a;| and taking 5 such that
4vQamM < v and 4vQa < «, we have

m m m

I3 = 0[4yQaP] = 0[47Qa Y aiei] <Y o[4yQamMe;) < olvei].
i=1 i=1 i=1
Thus we get I; < eW, for an absolute constant W > 0. For Is, by Lemma 2,
we can take vy such that lim,_, . Io = 0 modularly. Thus, for sufficiently
small v > 0 we get lim,, . o0 0[y((T0f())(-))] = 0. O
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Lemma 4. Let o be a finite, monotone and @ -quasi-conver modular.
Let the assumptions (P) and (2) be satisfied. Then for every f € C,(A) we
have

lim T,f=f modularly in L°(A).

n—-+o0o
Proof. Let f € C,(A) be fixed. Let us take
P (OF
fs(t) = f(t) ﬁ(S)P(t)v

where the function P is strictly positive in A. By Lemma 3 there exists
v > 0 such that lim, o0 0[v(Tnf())(-)] = 0 and this means that

: 3= L0 By =
Jm oly(Tnf)() ﬁ(')(TnP)())] 0.

For a constant § > 0 we have
ol3(Tf — f)] <
< o[26((Tu () - #(Tnﬁx-))} + o[ 20(5 (T P)() — £()]

PO)
= o[20(@. 1)) - 2L, Y] + o[26 L0

P(:) P(:)
=Ji + Jo.
For Jp, if 20 < ~ we have lim, 10 J1 = 0. Moreover let I' :=
max, g |%|7 then Jo < p[26T(T,P — P)] and so for sufficiently small
0 >0 we get lim,, 1 Jo =0 and so the assertion follows. O

Remark 1. We remark that if assumption (2) holds in strong sense
in L2(A) then using exactly the same proof as before we can show that
limy, 400 Tnnf = f strongly in L9(A) for every f € C,(A).

The main theorem of this section is the following

Theorem 1. Let p be a monotone, absolutely finite, absolutely
continuous and Q -quasi-convex modular on X(A). Let T = (Tp)nenw be
a sequence of positive linear operators satisfying property (x). Let the
assumption (P) be satisfied. Then if

lim The;,=e;i=1,...,m, strongly in L°(A),
n—-+4oo

then limy,— 1 oo T f = f, modularly in L(A) for each f € L2(A)ND such
that f— Cy(A) C Xr.
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Proof. Let f € L2(A) N D be a function such that f — C,(A4) C Xt. By
Proposition 1, there is a A > 0 and a sequence (fi)renw C Cu(A) such that
o[3M\f] < +o0 and limy, 400 9[3A(fx — f)] = 0. Let € > 0 be fixed and let
k be such that for every k >k, o[3\(fr — f)] < e. Fix now k, then we have

oMTnf = )] < eBATW(f = f)] + eBMTnfi = f)] + eBASE — -

Passing to limsup, taking into account Remark 1 and property (x), we
obtain limsup,,_, . o[MTnf — f)] < e(R + 1) and the assertion follows
from the arbitrariness of € > 0. a

Remark 2. Note that a similar result holds true in the case when A is
compact replacing of course Cy(A) with C(A). The proof is exactly the
same.

4. Application to discrete operators

Let A C IRYN be a bounded open set and let (r(n)),ev be an increasing
sequence of natural numbers.

For every fixed n € IN, by I'n = (Uni)i=01,.00) C A Vnp =
(V}L’k, cee V,]Zk), we denote a finite sequence of points such that m = A.
Let us consider a sequence S = (S, )nev of positive operators of the form

r(n)
3 (S = Kals,vui) frnn), n€ I, s€ A

k=0

where (Kp,)nen, Kn : AXT, — IR is a sequence of nonnegative measurable
functions such that

r(n)
Z K, (s,vnk) =1 for every n € IN, s € A.
k=0

Note that the domain of the operator (3) contains the space X(A), due
to the nature of the operator. Here X (A) is the space of all real valued
measurable functions which are everywhere defined on A (i.e. we distinguish
two equivalent but different functions).

For every j=1,...,N and s = (s1,...,8y) we put

r(n) r(n)
m; (K, s) == Z Ko (8, Vn 1)V, y—55)s M2(Kp,s) = ZKn(s, Vngi)|[Vn. i —s|%
k=0 k=0
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We put eg(t) = 1, e;(t) = t; for i = 1,...,N and enxi1(t) = [t|?, t =
(t1,...,tn) € A. Note that these functions satisfy property (1) taking

Py(t) = |t —s|*, (t,s) € Ax A.

According to the above assumptions we have immediately Sp,eq = eg =
1, for every n € IN. We have the following

Proposition 2. Let ¢ be a finite and monotone modular on X (A). Then
a necessary and sufficient condition that

(4) lim m;(Ky,-)=0, j=1,...,N, lim My(K,,-)=0

n—-—+00 n——+o00

modularly (strongly) in Le(A) is that lim,_, 4o Spe; = €, j=1,..., N+1,
modularly (strongly) in L2(A).

Proof. We prove the proposition in case of strongly convergence. We can
assume \ = 1. First we prove the necessary condition. It is obvious that
(Sne;)(s) —ej(s) =m;(Ky,s), j=1,...,N. Moreover

N
(Suen1)(s) = ensa(s) = Mo(Kpy8) +2 3 e5(s)m; (Ko, s).
j=1

Passing to the modular we have g[S,e; — ¢;] = om;(K,,-)], j =
., N and
N
o[Snent1 — enti] < 02Ma(Kp, )]+ Y o[ANle)lloom; (Ko, )],
j=1

that is the assertion. For the sufficient condition, note that
M(Kn, s) = (Snen+1)(s) — enta(s) — 2261 ((Snej)(s) —e€;(s))

and so applying the modular, as before, we obtain the assertion. O

We have the following corollary

Corollary 1. Let o be a monotone, strongly finite, absolutely
continuous and @ -quasi-convex modular on X (A). Assume that the family
(Sn)nem satisfies property (x) and (4) holds in the strong sense. Then
limy,— 400 Snf = f, modularly in L2(A) for each f € L2(A) such that
f—Cyu(A) C Xs, where Xg is the corresponding class given in property

(%)-
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Here we will describe the class Xg in some particular case. Let ® be
the class of all functions ¢ : IRf — IR$ such that ¢ is a convex function,
©(0) =0, p(u) >0 for u> 0 and limy,—4 o p(u) = +00.

For ¢ € @, we define for every f € X(A), the functional

olf] = /A o(1f(5))ds.

As it is well known, ¢% is a convex modular on X (A) and the subspace
L¥Y(A) ={f € X(A) : 0*[\f] < 400 for some A > 0}

is the Orlicz space generated by ¢, (see [27]). The subspace of
L#?(A), defined by

E¥?(A) ={f € X(A): 0®[\f] < oo for every A > 0},

is called the space of finite elements of L¥(A). For example every bounded
function belongs to E¥(A). Note that this modular satisfies all the
assumptions listed in Section 2.

Let us consider the sequence of operator (3) and let us assume that

/ K (8,Un,k)ds < &,
A

where £, is a bounded sequence of positive numbers. For every n € IN, we
define

r(n)
o) =" el fwn))), f€ X(A).
k=0

Now, let us denote by A, the class of all functions in L¥(A) such that

lim sup &, 07 [Af] < Ro¥[\f],

n—-+4oo

for every A > 0 and an absolute constant R > 0 independent of f and
A. We have the following

Proposition 3. A, C Xs.

Proof. Let A > 0 be fixed. Using the Jensen inequality and the
assumptions on the kernel (K, )ncn, we get

r(n)
OIS f] <& Y oA f(vnp)]) = Enof [M]]

k=0
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and so, passing to the limsup, we obtain immediately

lim sup 0¥ [ASy, f] < Ro?[Af].

n—-—+00
O

Example 1. Let A= [0,1]V. Let n € IN be fixed and let r;(n), a finite
sequence of positive integers, i = 1,... N. Let us consider a multi-index h =
(h1,...,hy) € INV, such that 0 < h; < r;(n), for every i = 1,..., N. For
any choice of h we consider the vector v, = (I/}Mhl, - .,I/ﬁhN), where
for every i = 1,..., N, (Vfl_hi), i =0,...7;(n), is a finite partition of the
interval I = [0,1] of the i-axis. Putting

N

b= H(me,h,; - Vf{,h,;—ﬂ,

=1

let us assume that there exist two sequences (ay),(b,) of positive real
numbers, such that 0 < a,, < A} <b,, for every h € INY and n € IN, and
b, — 0, n — 4o00. By a renumbering of the vectors v, into a sequence
Unk, kK = 0,1,...7(n), let us consider a kernel K, (s,v, ), satisfying
the above assumptions and let &, be the corresponding sequences of
numbers which dominate the integrals over A. Finally, let us assume that
0<&./an, < M, for a fixed constant M > 0 and any n € IN. Thus, in this
instance, the class A, contains all the Riemann integrable functions over
A. Indeed, we have, for A =1

r1(n) rn(n)
msupé, S Y o))
notoe 3T hn=0

ri(n) rn(n)

hmsup— Z Z (If (wn,n)DAR

n—-+oo An h1i=0 hn =0

ri(n) rn(n)

< Mhmsupz Z (If () DAT.

noto0 p 0 hy=0

IN

The last sum is a Riemann sum of the function ¢ o |f| and so, if f is
Riemann integrable, then the above limsup is dominated by the integral
M [, (|f(s)])ds and from this the assertion follows. O
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5. Application to Mellin-type operators

Let us consider A = [0,1]Y and for any vectors ¢t = (t1,...,tn), s =
(s1,...,8n) € A, we put ts = (t181,...,tnsn). Let (K,)new be a
sequence of kernel functions K, : A — IRg such that

K
/ Kn()dt =1and [ Kol
At tn
for every n € IN and W is an absolute constant. Here, for a sake of
simplicity, we consider an Orlicz space. Let ¢ € ® be fixed and let L¥(A) be

the corresponding Orlicz space. For any function f € L?(A) we define the
positive linear operator

dt <W

/K fts)dt, s € A.

In this instance we can show that L¥(A) C D = DomT = (), oy DomTy,
where DomT,, is the subset of X(A) on which T, f is well defined as a
measurable function of s € A. A first result on these operators is given by
the following proposition.

Proposition 4. T, f € L¥(A) whenever f € L?(A) and

o [T f] < Wo? [f].

Proof. By the Jensen inequality and the Fubini-Tonelli theorem, we have

[ gty | [ etiseo s s

[ et < et

0% [Tnf]

IN

O

As a consequence of the above proposition we get Xt = L¥(A). We
define the integral moments m;(K,,s) and m;2(K,,s) on putting, for
i=1,...,N,

mi(Kp, s —sz/K 1)dt, m; 2(Kn, s) —S/K )(t; — 1)%dt.

As in discrete case, according to the above assumptions, we have
immediately T,eq = eg =1 for every n € IN. Moreover we have
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Proposition 5. A necessary and sufficient condition that

lim m;(K,,-) =0, and lir_ir_l m;o(Ky,)=0,i=1,...,N,
n—-—1+0oo

n—-—+00

modularly (strongly) in L¥(A) is that

lim T,e; =e€;, and lim Tne? = e?, i=1,...,N,
n—-+o0o n—-+00

modularly (strongly) in L¥(A), where e;(t) =1t;, t=1,...,N.

Proof. The proof follows from the identities, m;(Ky,s) = (The; — €;)(s)
and m; o(Kp, s) = (The? — €2)(s) — 2s; mi(Kp,s), for i=1,...,N. O

i
As a consequence we get the following corollary

Corollary 2. If the moments m;(K,,-) and m;2(Ky,,), i =
1,..., N, are strongly convergent to zero then lim,,_, 1 T, f = f, modularly
in L¥(A) for each f € L¥(A).

Proof. We only remark that, putting eyy1(t) = [t|?, we have also
lim, 400 Tnen+1 = eny1 strongly in L?(A). O

Remark 3 Note that the above results hold also in abstract modular
function spaces. In this instance, besides the above assumptions on the
generating modular p, (monotonicity, absolute finiteness and absolute
continuity), we have to assume some generalized Jensen convexity, in
integral form and a notion of subboundedness (see e.g. [4]). In particular we
have to assume an inequality of the form o[f(¢-)] < F(¢)o[f ()] where F is
a measurable function such that [, K, (t)F(t)dt < W for every n € IN and
an absolute constant W > 0. These assumptions are automatically satisfied
in Orlicz spaces and are fundamental in order to obtain the modular
continuity of the operators T, (Proposition 4).
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