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In this paper, we establish and prove some theorems about existence and uniqueness of fixed point for cyclic weakly contraction

mappings in dislocated quasi extended b-metric space.

1. Introduction

One of the famous generalizations of metric space which
was introduced by Bakhtin in 1989 [1] is b-metric space.
Many authors utilized the space for fixed point results on
contraction mapping or weakly contraction mapping, such
as Saluja et al. [2], Mostefaoui et al. [3], Chaudhury et al.
[4] and Ansari et al. [5]. In 2012, Shah et al. [6] introduced
quasi b-metric space which removed symmetric conditions
in b-metric and for utilizing in common fixed point results
on contraction mapping. Some authors such as Zhu et al. [7]
and Cvetkovic et al. [8] gave some results in that space. In
2013, Hussain et al. [9] introduced dislocated b-metric which
weakened first condition in b-metric for fixed point results,
and Rasham et al. [10] utilized the space for multivalued
fixed point results. In 2016, Rahman et al. [11] generalized
the dislocated b-metric to be dislocated quasi b-metric.
Several papers has published in dislocated quasi b-metric
for containing fixed point results on generalized Banach
contraction mappings, such as Klin-eam et al. [12], Suanom et
al. [13], and Tiwari et al. [14]. Recently, in 2017, Kamran et al.
[15] generalized triangular inequality condition on b-metric
such that to be extended b-metric and utilized the space for
fixed point results. Samreen et al. [16] yielded some theorems
for fixed point results on nonlinear contraction mappings in
the space and Alqahtani et al. [17, 18] utilized the space for
common fixed point results on two self-mappings and on K-
contraction mapping.

Inspired by the extended b-metric space of Samreen et al.
[16]. In this work, we introduced a concept of dislocated quasi

extended b-metric space as a generalization of dislocated
quasi b-metric space [11]. We establish and prove some fixed
point theorems in the dislocated quasi extended b-metric
space, by utilizing weakly contraction mapping which was
introduced by Rhoades [19] and cyclic contraction which was
introduced by Zoto et al. [20]. In addition, we also provide
some examples to clarify the theorems.

2. Preliminaries

In the following section, we need some definitions to govern
and prove our theorems.

Definition I (see [1]). Let X be a non-empty set and a real
number k > 1. Letd : X x X — [0, 00) be a function. The
pair (X, d) is called b-metric space if the following conditions
are satisfied:

(1) d(x, y) = 0ifand only if x = y,

(2) d(x, y) = d(y, x),
(3) d(x, y) < k(d(x,2) +d(z, y)),

forall x, y,z € X.

Example 2 (see [15]). Let X = lp(R) with 0 < p < 1, where
L,(R) = {{a} € R | Yioid < oof. Letd : X x X —
[0, co) be a function, which is defined as d(x, y) = Zizl la, —
b|'’?, where x = {a,} and y = {b.}. Then d is a b-metric with
parameter b = 2'/7.


https://orcid.org/0000-0002-8245-8845
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/1367879

Definition 3 (see [11]). Let X be a nonempty set and a real
number k > 1. Letd : X x X — [0, 00) be a function. The
pair (X, d) is called a dislocated quasi b-metric space (in short
dqb- metric space) if the following conditions are satisfied:

(1) d(x, y) =
(2) dd(x, y) < k(d(x,2) + d(z, ),

0 then x = y,

forall x, y,z € X.

Example 4 (see [11]). Let X = R and define d(x, y) = [2x —
yI2 + 2x + ylz. It is easy to show that (X, d) is a dislocated
quasi b-metric space with k = 2.

Definition 5 (see [15]). Let X be a non-empty set and k : X X
X — [1,00) be a function. Let d : X x X — [0,00) be a
function. The pair (X, d) is called an extended b-metric space
if the following conditions are satisfied:

(1) d(x, y) = 0if and only if x = ,
(2) d(x, y) = d(y, x),
(3) d(x, y) < k(x, y)(d(x,2) + d(z, y)),
forall x, y,z € X.

Example 6 (see [16]). Let X = {1,2,3,...}. Define k : X x
X — [l,00)and d : X x X — [0, 00) as follows:

x =y
k 8 =
) {1 if x=y )

if x#y

and d (x, y) = (x - y)".
It is easy to show that (X, d) is a dislocated extended b-metric
space.

Definition 7. Let X be a non-empty setand k : X x X —
[1,00). Let dj. : X x X — [0, 00) be a function. The pair
(X, dy) is called a quasi extended b-metric space (in short qeb-
metric space) if the following conditions are satisfied:

(1) di (x, y) =0 if and only if x = y,

(2) di (%, ) < k(. p) (di (x,2) + i (2, ) » v
forall x, y,z € X.
Example 8. Let X = [O 1Jandd(x,y) = [2*7 — 1| forx, y €

[0,1]. Let k(x, y) = 2" "2 for x, y € [0, 1].

It is obvious that for first condition and d(x, y) is not
symmetric. For second condition, consider that

2O (d(x,2) + d (2, y))

_ 21—(x+y)/2 (|2x—z _ ll + |2z—y _ ll)
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T+ 27 - 1] = O )4

1], we get

Since min, [y ,;[2*"
|2(x+;v)/2—;v _

21—(x+y)/2 (|2x—z _ ll + |22—y _ ll)

1| |2(x+y)/2}' 1|)

— pl-lxtp/2] (|2(x—y)/2 _ 1| " |2(x—y)/2 _ 1')

> 21 (x+y)/2 |2 (x+y)/

(4)
22 (x+y) /2 |2(x )/ 1|

If x < y then we have (x + y)/2 > x, and 22 ¥")/2 < 227,
Therefore, we get

21—(x+y)/2 (lzx—z _ 1| + |zz—y _ 1|)
(-2 ) s (B -2) o)
=2°(27-27))

Since, for x € [0, 1], 2 — x > 1. Thus we get

21—(x+y)/2 (|2x—z _ 1| + |2z—y _ 1|
22 (@) (P -1 =2 -1 6
> 27 -1 =d(xy)

If x > ythen we have 27 > 2%, (x + »)/2 < y, and
27N < 227 Thus we get
21—(x+y)/2 (lzx—z _ 1| + |2z—y _ 1|

2 (2 2 (2
=2 (27 -27)) =2° (27 -27)) @)
=22 (@) (277 -1 =2 2 -
> 27 -1 =d(xy).

Hence, we have

d(x,y) <272 (d (x,2) +d (2. y)). (8)

Thus d is a quasi b-metric in X = [0, 1].

Definition 9. Let X be a non-empty setand k : X x X —
[1,00) and let d; : X x X — [0,00) be a function. The
pair (X, d,) is called a dislocated quasi extended b-metric space
(in short dqeb- metric space) if the following conditions are
satisfied:

(1) di.(x,y) =0 then x = y,
(2) dy(x,y) <k (x,y) (dy (x.2) +dic (2. ),

forall x, y,z € X.

€)

Remark 10. If k(x, y) = k > 1, then dqeb is dqb.
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Example 11. Let X = [-1,1] and di(x,y) = (x| + |y]) +
|x|?/m + |y|2/n,m #n,forx,y € [-1,1].

Let k(x, y) = 2 + |xyl)/2 for x € [-1,1].

In fact, it is clear that if d(x, y) = 0,then x = y = 0,
which is satisfied for first condition. For second condition,
we consider,

2
00) 2+ 4 ) = 22 (1)

2
|z

—+(|z|+|y|)+%+%>

2+ |0y I (10)
27((|x|+|y|)+7+—+—

|x*
+ —

n m

+%> g <(|x|+|y|)+&+ﬁ>

m n
= dj (x,y).

Thus (X, d,) is a dislocated quasi extended b-metric space,
with k(x, y) = 2+ |xy])/2 = L.

Definition 12 (see [12, 13]). Let (X, d;) be a dislocated quasi
extended b-metric space and let {x, } be a sequence in X.

(i) {x,} convergent sequence to x € X, iflim, ,  d;(x,,

x) = lim,_,di(x,x,) = 0.

(i) {x,} is called Cauchy in X, if lim,,,,, . di(x,, x,,) =

lim,,,, ., codi (x> x,) = 0.

(iil) (X, dy) is called complete if every Cauchy sequence in
X is convergent in X.

Definition 13 (see [6]). Let X be nonempty set, G and H are
subsets of X. A functionT : GUH — GUH is called a cyclic
map if T(G) € Hand T(H) € G.

Definition 14 (see [17]). Let (X,d,) be a dislocated quasi
extended b-metric space, G and H be subsets of X. A function
T:GUH — GU H is called dgeb-cyclic weakly contraction
if there exists continuous and non-decreasing function ¢ :
[0, c0) — [0, c0) such that for every x € G, y € H,

k(%) di (Tx, Ty) < di (x, y) =9 (dy (%, 7)), (1)
where ¢(t) = 0 if and only if t = 0.

Definition 15 (see [20]). Let (X,d,) be a dislocated quasi
extended b-metric space, G and H be subsets of X. A function
T : GUH — GU H is called a cyclic ¢ contraction if T
is a cyclic and there exists a continuous and non-decreasing
function ¢ : [0,00) — [0, 00) such that for every x € G,
y€H

di (Tx, Ty) < ¢ (di (%, 7). (12)

3. Main Results

In this section, we show some theorems and examples of the
existence and uniqueness of fixed point for generalized dgeb-
cyclic weakly contraction mapping in complete dislocated
quasi extended b-metric space.

Theorem 16. Let (X,d)) be a complete dislocated quasi
extended b-metric space, G and H be closed subsets of X. If
T : GUH — GUH is a cyclic map that satisfies the condition
of dgeb-cyclic weakly contraction and lim,,,, , k(x,,x,,) =
L > 0, then T has a unique fixed point in G N H.

Proof. Since T is a cyclic map, if taking x, € G, then Tx, € H
and T?x, € G. Define a sequence {x,}, where x,, = Tx, | =
T"x,. So we have x,, € Gand x,, ; € Hforn=1,2,3...

Since k(x, y) > 1forall x, y € X, then foralln € N we
have

dk (xn+1> xn) < k (xn+1’ xn) dk (xn+1’ xn)

=k (xn+1’ xn) dk (Txn’ Txnfl)
(13)
< dk (xn’ xn—l) -9 (dk (xn’ xn—l))

< dk (xn’ xn—l) .

Thus we have {d(x,,,,x,)} is a nonincreasing sequence of
non-negative real numbers.

Claim that lim, ., d(x,,1,%x,) =
limn—»oodk(x;ﬁl’ xn) = /3

Since ¢ is nondecreasing and k(x,,,,, x,,) > 1, we have

0. Suppose

dk (xn+1’ xn) <k (anrl’xn) dk (xn+1’xn)

= dk (xwxn—l) -9 (dk (xn’ xn—l) .

Since ¢ is continuous then for n — oo, we have 8 < f—¢(f3).
Since @ > 0, thus we get ¢() = 0. Hence we have § = 0.
Similarly we have lim,,_,  d;(x,, x,,1) = 0.

Now, we have to prove that {x,} is a Cauchy sequence in

(14)

X.

Suppose {x,} is not a Cauchy sequence. Then there exists
e > 0 such that every n, there exists #y, m;, > n such that
di(n,,my) > e and d (ny_,, my) < e.

From (11) we have

k (”k—l’mk—l) dk (nk’mk)

=k (”k—l’ mk—l) dy (Tnk—l’ ka—l)

(15)
< dy (m_y ) = @ (d (meys myey)
< di (meomyey).
This implies
di (e_ysmy_y) = ek (m_y,my_y) . (16)
We also have that

dj (nk—l’ mk—l)
< k (> myy) (di (m_yo ) + dy (my my_y)) - (17)

< ek (me_y,my_y) + k (me_y, my_y ) dy (my, my_y ).



It implies limy__, d; (n_;, my_;) < elim_,  k(m_;, my_y).
Therefore we have e lim;__, . k(n_y, my_;) <limy_, d;(ny_;,
me_;) < elim_,k(m_q,m_q), so we have eL <
limy_, di(n_q,my_;) < eL, thus we obtain lim,_,  d; (n_;,
my_;) = eL. From (15) and (16) we have

k (nk—l’mk—l) dk (”k’mk)
< dy (me_ysmyy) = @ (di (mey myey)

< dy (mey,my_y)

(18)
ek (m_y, ;)
< dy (me_pmy ) = 9 (die (me_my )
< dy (memyi ).
For k — 00 and using continuity of ¢, we get
eL<el—-¢(eL) < el. 19)

Sincek(x, y) = landlim,, ,, . k(x,,x,,) = L,wehave L > 1.
Thus we have ¢(eL) = 0, this implies eL = 0. Since € > 0 then
we obtain L = 0, which is a contradiction.

Hence {x,} is a Cauchy sequence in X. Since X complete,
there exists x* € X such that d;(x,,x*) — 0 forn — oco.
Similarly we can have d(x,, x*) — 0.

Since the sequence {x,,} € G, {x,,_;} € H and G, H be
closed, then we have x* € Gn H.

Now we prove that x* is a fixed point of T. Using (2) and
(11) we have

di (Tx",x") < k(Tx",x")
(d(Tx",Tx,_;) +d (Tx,_;,x")) < k(Tx",x") (20)

(A (37 x0) =@ (d (57 ,m0)) + (0 %7)).

Using continuity of ¢ and forn — oo, wehaved, (Tx", x") <
—k(Tx™, x*)p(0) < 0.

Thus di(Tx", x™) = 0, hence Tx" = x.

Now we have to show that T has unique fixed point in X.
Suppose that u is an another fixed point of T,

di (x",u) =di (Tx", Tu) < k(x",u) di (Tx", Tu)

. . (21)

<di (x%,u) =@ (di (x7u)).
Thus we get @(di(x*,u)) < 0. Since ¢ > 0, we have
@(d(x",u)) = 0. Which implies that d;(x*,u) = 0, so we
have x* = u. O

Example 17. Let X = [-1,1] and (X, d.) be a dislocated quasi
extended b-metric space which in Example 8. Let T : G U
H — GUH bea function defined by Tx = —x/2, where G =
[-1,0], H = [0,1]. Let ¢ : [0,00) — [0, 00) be a function
which is defined by ¢(t) = t/4

In fact, It is clear that T is a cyclic map, indeed T(G) € H
and T(H) ¢ G.
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Now, we have to show that

k(x,y)dy (Tx, Ty) < di (%, y) = ¢ (di (x, )

2+_lxyldk(—_x 2)

>

k(x,y)dy (Tx,Ty) =

2 272
_ 2+ <| | |y|> |x/2|
2
—y/2) 2+x 2 :

! [(z(m Py L )
MKWHW+ Mﬂ
[@muwﬂﬂ'z) @)
x|yl
( |x|+|y|)+ +E):|
< [s(|x|+|y|>+¥+%)] si(lxl

W DY 3 |2
ol Lo+ ) = g Lyl

BiK LA
+?> <|x|+| |+ 5 < ) <|x|
el L DE ) e (7) — 9 (d (x.)).

Hence, T has a degb-weak contraction property of Theo-
rem 16 and x = 0 is the unique fixed point of T

Theorem 18. Let (X,d)) be a complete dislocated quasi
extended b-metric space, G and H be closed subsets of X. If
T:GUH — GU H is a cyclic map, continuous mapping and
lim k(x,,x,,) = L > 0, such that

n,m—0o0

k(xy)di (Tx, Ty) < di (%, y) = 9 (dy (Tx, Ty)) . (23)

where ¢ : [0,00) — [0, 00) is a nondecreasing, continuous
mapping and ¢(t) = 0 iff t = 0.
Then T has a unique fixed point in G N H.

Proof. Since T is a cyclic map, if taking x,, € G, then Tx, € H
and T?x, € G. Define a sequence {x,}, where x,, = Tx,_; =
T"x,. So we have x,, € Gand x,, ; € Hforn=1,2,3...
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By using (23) and for all n € N, we have
dk (xn+1’ xn) <k (xn+1’xn) dk ('xn+1’xn>
=k (xn+1’ xn) dk (Txn’ Txn—l)

= dk (xn’xn—l) -9 (dk (Txn’ Txnfl))

(24)

< dk (xmxn—l) .

Thus we have {d,(x,,,,x,)} is a nonincreasing seq-uence
of non-negative real numbers. Claim that lim,_,  d;(x
x,) = 0. Suppose lim,__,  d,.(x,,,,x,) = .

Since ¢ is non-decreasing and k(x,,;,x,) > 1, then we
have

n+1>

dk (xn+1’ xn) <k ('xn+l’ xn) dk ('xn+1’ 'xn)
< dk (xn’ xn—l) -9 (dk (wa Txn—l))
< dk (xn’ xn—l) -¢ (dk (Txn’ Txn—l))

(25)

= dk ()Cn, xn—l) -9 (dk (xn+1>xn)) .

Since ¢ is a continuous mapping then for n — o, we have
B < B—(B). Since ¢ > 0, thus we get ¢(f3) = 0. Hence we
have 3 = 0. Similarly we have lim di (%, x,1) =0, O

n—=oo

Now, we have to prove that {x,} is a Cauchy sequence in
X.

Suppose {x,} is not a Cauchy, then there exists € > 0 such
that every n, there exists #;, ;. > n such that

dk (f’lk, mk) > &
(26)
and d (m_;,my) < e.
From (23) we have
k (me_y,my_y) d, (rye, i)
=k (e, myy) di (Trye_y, Try_y)
(27)
< di (meyymyy) = @ (die (Try_y, Ty )
< dy (e, ) -
By using (26) and (27), then we have
die (e miy) > ek (e my_y).© (28)

By using (2) and (26) we also have that

dj (”k—l’mk—l)
< k (meys ) (i (g my) + g (my mye_y)) - (29)
< ek (my_y,my_y) + k(s my_y) dy (my, my_y) .

It implies limy_, d; (n_;,my_;) < elimy_,  k(n_q, my_q).
By using (28) and (29), we have elim;_, k(n_;,m;_;) <
limg_, di(m_,my_y) < elim_, k(n_;,m_;), so we
get eL < limg_ |, d(m_,,m_,) < €L, thus we obtain
lim_, di(n_y, my_;) = L.

From (23) and (28) we have

k (”k—l’mk—l) dk (”k?mk)
< dy (> my_y) = @ (d (g, my.)) (30)

< di (e 1) -
Since ¢ is a non-decreasing and ¢ > 0, we have

ek (s myy) < dy (m_y, my_y) = @ (di (mg my.))

< dy (me_y,my_y)

(31)
= 9 (ek (mey, my 1))
< di (e miy) -
For k — 00 and using continuity of ¢, we get
eL<eL-¢(el) <eL. (32)

Since k(x,y) = 1and lim,,, , k(x,,x,) = L, thus we
have L > 1. However, from (32) we have ¢(eL) = 0, this
implies eL = 0. Since ¢ > 0 then we obtain L = 0 which is
a contradiction.

Hence {x,} is a Cauchy sequence in X.

Since X complete, there exists x* € X such that
di(x,,x") — 0and d,(x", x,,) — 0 forn — co.

Since the sequence {x,,} € G,dx,,,} € H and G,H
closed, we have x* € GN H.

Now we have to prove that x* is a fixed point of T. By
using (2) and (23), we have

dy (Tx",x") < k(Tx", ")
(d(Tx", Tx,,) +d (Tx, ,x")) = k(Tx", x")
(d(Tx"\ Tx, ) +d (x,px")) < k(Tx",x")
k(" %, ) d (Tx" Tx,)) +d (x,0x")) (33)
< k(Tx",x")
(d (%7, x,1) — @ (d (Tx", T,y ) +d (x,,x7))
<k(Tx", %) (d (x", %) +d (x,,x")).

Thus for n — oo, we have d; (Tx", x*) = 0, hence Tx™ = x".
Now we have to show that T" has unique fixed point in X.
Suppose that u is an another fixed point T,

di (x",u) =di (Tx",Tu) < k(x",u)d, (Tx", Tu)
<di(x7,u) = ¢ (di (Tx", Tu)) (34)
= di (x7,u) = ¢ (di (x7,u)).

Thus we get @(di(x*,u)) < 0. Since ¢ > 0, we have
@(d(x",u)) = 0. Which implies that d;(x*,u) = 0, so we
have x™ = u.



Example 19. Let X = [-1, 1] and (X, d;) be a dislocated quasi
extended b-metric space which in Example 8. Let T : G U
H — GUH be a function defined by Tx = —x/2, where G =
[-1,0], H = [0,1]. Let ¢ : [0,00) — [0, 00) be a function
and defined as, ¢(t) = t/8.

In fact, it is clear that T is cyclic map, indeed T(G) € H
and T(H) € G.

Now, for all x, y € X we have to show that

k(x,y)d (Tx, Ty) < dy (x, y) = 9 (di (Tx, Ty)).  (35)

2+ |xy —x -
k(x,y)d, (Tx,Ty) = %dk <_’ _y)

2+|xy| (| I l }’|) x/2|2
2
—y/2|* _2+|x 2 :

-3 [(z(m eyl BT

)
+|xy|(|x|+|y| b b))
o

DY
(<|x|+|y|>+ A | RS FO AN
BRI PE s
il | b W R 6

LR
- (e bl B L) 2 (b
2 2 2 2
o +|y6| >s<|x|+|y|+|xsl +|y6| )

51 T N Pl

5 6 s\2 72 710" 12

Iyl Ix| [yl

<|x|+|yl 6 | s\2 "2
= DY _ bl
o0 g ) =\ bl 6
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_1<|—_x|+|_yl+| </2P | |-y )
8 2 2 5 6

_ _ A A
= di (x,) go<d"<2’ 2))

- ¢ (di (Tx, Ty)) .

(36)

Hence, T has a deqb-weak contraction property of Theorem 18
and x = 0 is the unique fixed point of T.

Theorem 20. Let (X,d)) be a complete dislocated quasi
extended b-metric space, G and H be closed subsets of X. If
T : GUH — GU H is a cyclic, continuous mapping and
lim, ., k(x,,x,,) = L >0, such that

k(Tx,Ty)di (Tx,Ty) < di (x,y) =9 (di (x,9)),  (37)

where ¢ : [0,00) — [0, 00) be a nondecreasing, continuous
function and ¢(t) = 0 ifft = 0.
Then T has a unique fixed point in G N H.

Proof. Since T is a cyclic map, taking x, € G, then Tx, € H

and T?x, € G. Define a sequence {x,}, where x,, = Tx,_, =

T"x,.So we have x,, € Gand x,,,_; € Hforn=1,2,3...
From (37), then for all n € N we have

dk (xn+1’ xn) <k (xn+1’ xn) dk (xn+1’ xn)

=k (Txn’ Txn—l) dk (Txn’ Txn—l)

¢ (dk ('xn’ xn—l))

(38)
< dk ('xn’ xn—l) -

< dk ('xn’ xn—l) .

Thus we have {d(x,,,,x,)} be a nonincreasing seq-uence
of non-negative real numbers. Claim that lim,_,  d;(x
x,) = 0. Suppose lim,__, d;(x,,,,x,) = .

Since ¢ is a nondecreasing and k(x,,,, x,,) >
have

dk (xn+1’xn) <k ('xn+1’ xn) dk (xn+1’xn)

< dk (xn’xn—l) -9 (dk ('xn’xn—l)) .

Since ¢ is continuous then for — ©0, we have 8 < f — ().
Since ¢ > 0, thus we get ¢(f) = 0. Hence we have § = 0.
Similarly we have lim,,__,  di(x,,, X,..1) =

Now, we have to prove that {x,} is a Cauchy sequence in
X.

Suppose {x,} is not a Cauchy, then there exists € > 0 such
that every #, there exists n, m;. > n such that d; (n, m;) > €
and di(n_,,my) < €.

By using (37) we have

n+1>

1, then we

(39)

k (”ksmk) dk (”ksmk)

=k (T”k—p ka—1) dj (T”k—p ka—l)
(40)
< dy (me_ysmy_y) = @ (dy (g my1))

< d (e ) -
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Since d(n, my) = €, we get Now we have to show that T" has unique fixed point in X.
Suppose u is an another fixed point of T,
die (e, myy) = ek (g, my.) - (41)

di (x",u) =d (Tx", T
By using (2), we also have that e (xs) = d (T, Tu)

< k(Tx",Tu)d, (Tx",Tu) (48)

< di (%7, u) = @ (di (x",u)).

dy (”k—p mk—l)

< k(Mo myey) (di (Mo my) + g (my, my ) (42)
Thus we get @(di(x*,u)) < 0. Since ¢ > 0, we have
@(di(x",u)) = 0. Which implies that d;(x*,u) = 0, so we
It implies that limy_,  di(m_,my_y) < elimg_,  k(my_;, have x™ = u. O

My_q).
Therefore, from (40) and (41), we have

< ek (me_ys myy) + k (g mye_y) dy (my, my_y)

Example 21. Let X = [-1, 1] and (X, dy ) be a dislocated quasi
extended b-metric space which in Example 8. Let T : G U
e lim k (n,my) < lim d, (n_,my_,) H — G U H be a function defined by Tx = —x/2, where
k—o0 k—co0 (43) G = [-1,0], H = [0,1], and let ¢ : [0,00) — [0,00) be a
function and defined as, ¢(t) = (7/16)t.
In fact it clear T is cyclic, since T(G) € H and T(H) < G.
Now, we have to show that

<elim k(me_y,my,).
k—00

Thus we have eL < lim,_,  di(m._,mp_;) < €L, and we

obtain k(Tx,Ty) d (T, Ty) < di (%, 7) = ¢ (di (x. ).
lim d (ny_q,my_q) = €L. 44 “x — “x —
g e ) W k(T Ty)d (1 Ty) k(= 2)a (55 F)
From (40) and (44) and d.(n;, m;) > €, we have
_8+ll (1Z]+12))+ I=x/2 x/2I
ek (. my) < k (o my) dy (o my) 8 2
< dy (meymyy) = @ (di (g, my ) (45) I-y/2 8+ lxy| Ix lyf
+ —
< dy (meymy ). 6 ] [' I+ 10 12 ]
By using (45) and continuity of ¢, then for k — 0o we get 1 [(8 (el + [y + |y| )
eL<el—-¢(eL) <elL. (46) 6 12
2
Since k(x, y) = 1 and lim,,,,, . k(x,,x,,) = L, thus we have oyl | (xd + [y]) + |x| %
L > 1. However, from (46) we have ¢(eL) = 0, this implies 10 12
eL = 0 and since ¢ > 0 then we obtain L = 0 which is a (49)
contradiction 1 x| | y|2
Hence {x,,} is a Cauchy sequence in X. 16 8 (Ixl +[y) + ot 1o
Since X complete, there exists x* € X such that
di(x,,x") — 0 for n — 0. Since the sequence {x,,} € G, l)’l
{x,,_1} € Hand G, H closed, it implies that x* € G H. ( x| + |y]) + = )]
Now, we have to prove that x* is a fixed point of T. 10 12
i (T37,57) < k(Tx,27) (9(|x|+|y|)+ Nl )sl%(m
(d(Tx",Tx,_;) +d (Tx,_;,x")) = k(Tx",x")
2 2
(X Tx) 4 (5,057)) < K(Tx°5°) vyl B L bf ) _ <|x| eyl B %)
(k(Tx",Tx,_,) d(Tx", Tx,_,) + d (x,, x")) (47) )
® % X
<k(Tx",x") <|x|+|y| L |6| > d (x, y)
(d(x" %) —p(d(x",x,.1)) +d (x,, x"
( (x Xn 1) (P( (X Xn 1)) (xn x )) _(P(dk (x))’))

<k(Tx*,x")(d(x",x,,) +d(x,,x")).
Hence, T has a deqb- weak contraction property of Theo-
Thus for n — o0, we have d;(Tx", x*) = 0, hence Tx* = x*.  rem 20 and x = 0 is the unique fixed point of T.



Theorem 22. Let (X,d,) be a complete dislocated quasi
extended b-metric space, G and H be closed subsets of X and
let0 <A< LIfT:GUH — GU H is a cyclic, continuous
function which satisfy the conditions

k(Tx, Ty) di (Tx, Ty) < A9 (dy (%, 7)), (50)

where ¢ : [0,00) — [0,00) be a ¢ nondecreasing and
continuous function, ¢(t) = 0 if only if t = 0 and p(At) <

Ap(t), (1) < @™(t), 9" (1) = @(¢"(t)), forn = 1,2,3,...,
andlim, . k(x,,x,,) < 1/A.
Then T has unique fixed point in G N H.

Proof. Since T is a cyclic map, for x,, € G, then Tx;, € H and
T?x, € G. Define a sequence {x,,}, where x,, = Tx,,_, = T"x,.
So we have x,, € Gand x,,, ; € Hforn=1,2,3...

Since k(x,y) > 1and 0 < A < 1then foralln € N, we
have

k (xn’ xn+1) dk (xn’ xn+1)
=k (Txn—l’ Txn) dk (Txn—l’ Txn)
< /\§0 (dk (xn—l’ xn)) < /‘(P (/\(P (dk (xn—Z’ xn—l)))
= X9 ((di (%20 %1))) < V9" (e (%0 x1))) -
We have

(51)

dk (xn’ xn+1) <k (xm xn+1) dk (xn’ xn+1) < An(Pn (tO) > (52)

where t;, = d.(x, x,).
By using (2) and (52), we have

dy. (% %) < K (2, 2,,) (i (X0 Xp11)
+ die (Xpi1> X)) <k (x X,,)
(dye (e X)) + i (X115 X)) < K (3,0 X,5,)
(A" (to) + di (%11, %)) < K (3,0 x,,) (A
9" (to) + K (x> X,) (die (X5 X42)
+ die (X120 X)) < K (%) (A" ()
k(X110 %) die (X110 X12) + i (X120 %))
< k(2 5,) (A" 9" (t0) + K (0115 %,)
(UMM (1) + di (120 %)) < K (2, %)
(V19" (t0) + K (X1 %) A" (1)
K (10 %) i (%20 %)) < K (20 %,) (A"

n n n+1
9" (to) + K (X015 %) A +1‘P (to)
+k ('xn+1’ xm) k (xn+2’ xm) (dk (xn+2’ xn+3)
+ dk ('xn+3’ xm)) <k ('xn’ xm) (A" q)" (tO)

k(015 2) X 0" () + K (015 X,)

n+1> *m
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K (120 %) (V72972 (1) + i (%0130 %,0))
< k(2 ,) (A" 9" (t0) + K (0115 ;)
ARG (20) + e (X1 %) K (X420 %)
ARG () 4 -+ K (X Xp) K (%120 %)

sk (e 2) A (1)

m-n-1 i

= Z AHH‘PHH (to) Hk (xn+j’xm)
i=0 j=0

i

= _Z AI(PI (tO) Hk (xn+j’xm) .

j=0
(53)
We have
m—1 o i
dk (xn’ xm) < Z I(PI (tO) Hk (xn+j’xm) . (54)
i=n j=0
Leta; = Ai(pi(to)]_[i.zok(xn+j,xm).
Since ¢""'(t) < ¢"(t) we have
n+i+1
el (PT(tO)/\k (xn+i+1’xm)
a; ¢ (to)
< Ak ('xn+i+l’ xm) .
. (55)
) n+i+1 t
hm al_+1 = hm (PT(())Ak (xn+i+1>xm)
i—o00 a; i—00 @ (tO)

< .hm Ak (xn+i+1’xm) <L
1—00

By using the ratio test criteria, we  get

> )L"”(p"”(to)]_[j.zok(xn > Xm) = Ding @; coOnvergence.
LetS, = >?  a;, then from (54), we get

m-n-1

- i
dk (Xn’ xm) < Z AnH(PnH (tO) Hk (x”+f’ Xm)
i=0 =0
' (56)
-1
= 2% =Syt~ St < Syt = S

1

3

n

Thus for n, m — oo we get d;(x,,, x,,) — 0. Hence {x,}isa
Cauchy sequence in X.

Since X complete, there exists x* €
di(x,,x*) — 0 forn — oo.

Similarly, we can have d;(x*, x,) — 0.

Since the sequence {x,,} € G, {x,,.;} € Hand G H
closed, thus we have x* € GN H.

X such that
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Now we prove that x* is a fixed point of T. Using (2) and
(11) we have

di (Tx", x") < k(Tx",x")

(d(Tx",Tx,_;) +d (Tx,_,x")) < k(Tx",x") -
57
(k(Tx", Tx,_1)d (Tx", Tx,_) +d (Tx,_1,x"))

<k(Tx",x") (Ap (d (x7, x,-0)) + d (x,,x7)) -

Using continuity of ¢, and ¢(0) = 0, then for n — o0, we
have d (Tx", x*) < Ak(Tx", x*)p(0) < 0.

Thus di(Tx", x") = 0, hence Tx" = x".

Now we have to show that T has unique fixed point in X.
Suppose u is an another fixed point of T,

d (x*, 1) = d (Tx", Tu)
< k(Tx*,Tu)d, (Tx", Tu) (58)
< A (di (x7,u)).
We have
(1-A) ed; (x*,u) <0. (59)

Since 1 — A > 0 thus we get ¢(d;(x",u)) < 0. Since ¢ > 0,
then @(d(x*,u)) = 0. Which implies that d.(x*,u) = 0, so
we have x* = u. O

Example 23. Let X = [-1, 1] and (X, d}) be a dislocated quasi
extended b-metric space which in Example 8. Let T : G U
H — GUH beafunction defined by Tx = —x3/8, where G =
[-1,0], H = [0,1]. Let ¢ : [0,00) — [0, 00) be a function
and defined as, ¢(t) = (3/4)t* and A = 1/4.

In fact, it clear that p(At) < Ag(t), "' (t) < ¢"(t) and T
is cyclic, since T(G) € Hand T(H) € G.

Since x,,, x,,, € X = [-1,1] and k(x,,, x,,,) = 2+ x,,x,,,)/2,
it is easy to show that lim, ,, ., k(x,, x,,) < 1/A.

Now, we have to show that

k(Tx, Ty) dy (Tx, Ty) < Ap (d (%, y)) -
k(Tx,Ty)d, (Tx,Ty)

33 33
:k<i,i)dk<i,i>
8 8 8 8

2+|(=x'18) (-°18)] (_ —_f)
- 2 *\ 8’ 8
2l ()

2 8° 8
2y (2] =2,
2 l(?Jr 8 )+ 5

9
] 2
+|y6|] +'1xy||:'3|+|y3|+.x|
|;V|] |:|3||| |x|+ﬂj|
48 16 40 48
2
20 3
<= (] |+ ]|+ '5| %) —6<(||
#lyf+ B '2') 19 (@ (xy).
(60)

Hence, T has a deqb-weak contraction property of Theo-
rem 22 and x = 0 is the unique fixed point of T.

4. Conclusion

In this article, we considered and proved the fixed point
theorems for cyclic weakly contraction mapping in com-
plete dislocated quasi extended b-metric space. These results
generalize the recent results of Samreen [14] and Rahman
[9], which was in our results more general in the sense
by utilizing dislocated quasi extended b-metric and cyclic
weakly contraction. Furthermore, In Theorems 16, 18, 20, and
22 one can derive several consequences in dislocated quasi b-
metric by letting k(x, ) = K > 1 and in dislocated quasi
metric by letting k(x, y) = 1.
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