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Frame theory is exciting and dynamic with applications to a wide variety of areas in mathematics and engineering. In this paper,
we introduce the concept of Continuous *-K-g-frame in Hilbert C*-Modules and we give some properties.

1. Introduction and Preliminaries

The concept of frames in Hilbert spaces has been introduced
by Duffin and Schaeffer [1] in 1952 to study some deep prob-
lems in nonharmonic Fourier series, after the fundamental
paper [2] by Daubechies, Grossman and Meyer, frame theory
began to be widely used, particularly in the more specialized
context of wavelet frames and Gabor frames [3].

Traditionally, frames have been used in signal processing,
image processing, data compression, and sampling theory. A
discreet frame is a countable family of elements in a separable
Hilbert space which allows for a stable, not necessarily
unique, decomposition of an arbitrary element into an expan-
sion of the frame elements. The concept of a generalization
of frames to a family indexed by some locally compact space
endowed with a Radon measure was proposed by G. Kaiser
[4] and independently by Ali, Antoine, and Gazeau [5]. These
frames are known as continuous frames. Gabardo and Han
in [6] called these frames associated with measurable spaces,
Askari-Hemmat, Dehghan, and Radjabalipour in [7] called
them generalized frames and in mathematical physics they
are referred to as coherent states [5].

In this paper, we introduce the notion of Continuous *-K-
g-Frame which are generalization of %-K-g-Frame in Hilbert
C”-Modules introduced by M. Rossafi and S. Kabbaj [8] and
we establish some new results.

The paper is organized as follows: we continue this
introductory section we briefly recall the definitions and basic
properties of C*-algebra, Hilbert C*-modules. In Section 2,
we introduce the Continuous *-K-g-Frame, the Continuous

pre-#-K-g-frame operator, and the Continuous *-K-g-frame
operator; also we establish here properties.

In the following we briefly recall the definitions and basic
properties of C*-algebra, Hilbert &/-modules. Our reference
for C*-algebras is [9, 10]. For a C*-algebra & ifa € o is
positive we write a > 0 and /" denotes the set of positive
elements of <.

Definition 1 (see [11]). Let & be a unital C*-algebra and # a
left o/-module, such that the linear structures of of and % are
compatible. # is a pre-Hilbert o/-module if % is equipped
with an ¢/-valued inner product (.,.), : Z X # — o, such
that is sesquilinear, positive definite, and respects the module
action. In the other words,

(i) (x,x)y = 0forall x € # and (x, x), = 0if and only
ifx=0.

(ii) {ax + y,2) 5 = a{x, ¥) 4 + (¥,2) 4 forall a € of and
x, 9,z € .

(iii) (x, ¥) oy = (y,x), forallx, y € Z.

For x € %, we define |x] = |{x, x)MHl/Z. If % is complete

with |||, it is called a Hilbert &/-module or a Hilbert C*-
module over &. For every a in C"-algebra </, we have |a| =
(a*a)"? and the o/-valued norm on % is defined by [x| =
(x, x);[/2 forx € #.

Let # and % be two Hilbert &/-modules. A map T :
H — K is said to be adjointable if there exists a map
T" : H — % suchthat (Tx, y), = (x,T"y), forallx € #
and y € #.
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We reserve the notation End.,(#, %) for the set of all
adjointable operators from # to K and End(#,%) is
abbreviated to End,(7).

The following lemmas will be used to prove our mains
results

Lemma 2 (see [11]). Let # be Hilbert of-module. If T €
End, (), then

(Tx, Tx) < |T|* (x,x)y, Vxe . )

Lemma 3 (see [12]). Let # and K two Hilbert of-Modules
and T € End*(%,%). Then the following statements are
equivalent:

(i) T is surjective.

(ii) T* is bounded below with respect to norm; i.e., there is
m > 0 such that |T" x| > ml|x| for all x € H.

(iil) T* is bounded below with respect to the inner product;
i.e., there is m' > 0 such that (T*x, T*x) > m'(x, x)
forallx € K.

Lemma 4 (see [13]). Let Z and K be two Hilbert o/ -Modules
and T € End*(H, K. Then,

(i) if T is injective and T has closed range, then the
adjointable map T*T is invertible and

| D) L < T < 1T Ly )

(ii) If T is surjective, then the adjointable map TT" is
invertible and

|| 1y < T < 1T Ly (3)

2. Continuous *-K-G-Frame in Hilbert
C*-Modules

Let X be a Banach space, (€, 4) a measure space, and function
f: Q — X ameasurable function. Integral of the Banach-
valued function f has defined Bochner and others. Most
properties of this integral are similar to those of the integral of
real-valued functions. Because every C*-algebra and Hilbert
C*-module is a Banach space thus we can use this integral
and its properties.

Let (Q, ) be a measure space, let U and V' be two Hilbert
C*-modules, {V,, : w € Q} is a sequence of subspaces of V,
and End,(U,V,) is the collection of all adjointable ¢/-linear
maps from U into V,,. We define

Dv.

weQ)

(4)

= {x ={x,}: x, €V, L lxw|2 du (w)“ < oo}

Forany x = {x, : w € Qlandy = {y, : w €
Q}, if the &/-valued inner product is defined by (x,y) =
JQ(xw,yw)dy(w), the norm is defined by [lx| = [[(x, x)[|'/?,
the @ ,,cqV,, is a Hilbert C*-module.
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Definition 5. LetK € End,(U); we call {A ,, € End,(U,V,) :
w € O} a Continuous *-K-g-frame for Hilbert C*-module U
with respect to {V,, : w € Q} if

(a) for any x € U, the function ¥ : O — V,, defined by
X(w) = A ,x is measurable;

(b) there exist two strictly nonzero elements A and B in
o/ such that

A(K'x,K*'x) A" < J (A yx, A yx) dp (w)
@ ()

< B{(x,x)B*, VxeU.
The elements A and B are called Continuous *-K-g-frame
bounds.

If A = B we call this Continuous *-K-g-frame a con-
tinuous tight #-K-g-frame, and if A = B = 1 it is called
a continuous Parseval #-K-g-frame. If only the right-hand
inequality of (5) is satisfied, we call {A, w € O}a
continuous *-K-g-Bessel for U with respect to {A , : w € Q}
with Bessel bound B.

Example 6. Let I be the set of all bounded complex-valued
sequences. For any u = {u;}jen, v = {vj} ey € 1%, we define

uv = {ujvj}jeN ,

u" = {T o ©)
Il = sup Juy] -

Then & = {I°, ||} is a C"-algebra.
Let Z = C, be the set of all sequences converging to zero.
For any u, v € & we define

(u,v) =uv* = {uf”_j}jeN' )

Then # is a Hilbert &/-module. '

Define f; = {fYien~by fl =1/2+1/iifi=jand f/ =0
ifi# jVjeN".

Now define the adjointable operator A ;
AN x = (x, fj).

Then for every x € # we have

];\I <ij,ij> = {% + %}EN* (x, x) {% + %}iEN* - (8)

H —

So {A j};isa{l/2 + 1/i};en--tight #-g-frame.
Let K : # — J defined by Kx = {x;/i};en--
Then for every x € # we have

(K*'x,K*x) , < Z <ij,ij>
jEN

1 1 1 1
:{—‘I'—.} (x,x){—+—_]> .
2 ilJient 2 iJieNnt

Now, let (€, 4) be a o-finite measure space with infinite
measureand {H} . be afamily of Hilbert &/-module (H,, =
Coy Yw € Q).

)
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Since Q is a o-finite, it can be written as a disjoint union
Q = |JQ, of countably many subsets Q, < Q, such that
p(€y) < 00, Vk € N. Without less of generality, assume that
u(€2y) > 0Vk e N.

For each w € Q, define the operator: A , : H — H,, by

Ay, (x) = @ (%, fy) b Vx€H (10)

where k is such that w € Q and h,, is an arbitrary element of
H,, such that A, | = 1.

For each x € H, {A ,x},cq is strongly measurable (since
h,, are fixed) and

Jo Ao Ao du@ = 3 (e ) (F2)

jeN
So, therefore

(K*x,K"x) < J (A %, A x) dp ()
Q

=D (x f;) (fix) (12)

jeN

{1 1} 1 1
=315t = (x,x){—+—.]»
2 i) ient 2 iJ)jent

S0 {A ,}eq is @ continuous *-K-g-frame.

Remark 7.

(i) Every continuous #*-g-frame is a continuous *-K-g-
frame indeed:

Let {A,, € End ,(U,V,) : w € Q} be a continuous
#-g-frame for Hilbert C*-module U with respect to
{V, : w e Q}, then

Alx,x) A" < J (A %, A yx) dp (w) < B(x,x) B,
Q

(13)
Vx e U.
or
(K*x,K*x) < |K|* (x,x), VxeU. (14)
then
(IKI™" A) (K%, K"x) (1K™ A)”
(15)

< J (A yx, A yx) dp (w) < B(x,x) B"
Q

solet {A, € End;,(U,V,) : w € Q} be a continuous

#-K-g-frame with lower and upper bounds [|K I"tA
and B, respectively.

(ii) If K € End},(H) is a surjective operator, then every
continuous #*-K-g-frame for H with respect to {V,, :
w € O} is a continuous *-g-frame.

Indeed,

if K is surjective there exists m > 0 such that

m(x,x) < (K'x,K"x) (16)

then
(AVm) (x,x) (AVm)" < A(K*x,K*'x) A*  (17)

orif {A, € End,,(U,V,) : w € Q} is a continuous

#-K-g-frame, we have
(V) () (AV) < [ (A8 ) ds ) "
< B(x,x) B
hence {A,, € End},(U,V,,) : w € Q} is a continuous

*-g-frame for U with lower and upper bounds A+/m
and B, respectively

Let K € End;,(U), and {A, € End,(U,V,) : w € Q}
be a continuous #-K-g-frame for Hilbert C*-module U with
respect to {V,, : w € Q}.

We define an operator T : U — gV, by

Tx={A,x:weQ}l Vxel, (19)

then T is called the continuous #-K-g-frame transform.
So its adjoint operator is T* : @V, — U given by

T" ({xw}weo) = L A x,dp (w) (20)
By composing T and T, the frame operator S = T*T given
by
Sx = J'Q A A yxdpu(w), S is called continuous #-K-g
frame operator

Theorem 8. The continuous *-K-g frame operator S is bound-
ed, positive, self-adjoint, and |A™"||*|K|* < |ISI| < [|BII?

Proof. First we show, S is a self-adjoint operator. By definition
we have Vx, y e U

(Sx,y) = <JQ A yxdp (w) ,y>

= | (aA L) dutw)

(21)
- L (0 Ay ) dp (w)
= <x,J N A, ydu (w)> =(x,8y).
Q
Then S is a self-adjoint.
Clearly S is positive.
By definition of a continuous #*-K-g-frame we have
A(K'x,K'x) A" < J (A yx, A yx) dp (w)
@ (22)

< B{x,x)B".
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So

A(K"x,K"x) A" < (Sx,x) < B(x,x) B". (23)
This gives

JA7 7 KK %, 2] < 1S 20 < 1B [ ). (24)

If we take supremum on all x € U, where |x| < 1, we
have

HA_I“_Z K| < ISIl < IIBJI*. (25)
O

Theorem 9. Let K € End,(H) be surjective and {A, €
End,(U,V,) : w € Q} a continuous *-K-g-frame for U, with
lower and upper bounds A and B, respectively, and with the
continuous *-K-g-frame operator S.

Let T € End;,(U) be invertible; then {A T : w € Q} is
a continuous %-K-g-frame for U with continuous *-K-g-frame
operator T*ST.

Proof. We have

A(K'Tx,K'Tx) A" < J (A, Tx, A ,Tx) du (w)
a 26)

< B(Tx,Tx)B*, VxeU.

Using Lemma 3, we have ICT*T) " (x, x) < (T'x, Tx), Vx €

U.
K is surjective, then there exists 7 such that

m (Tx, Tx) < (K"Tx,K"Tx) (27)
and then
m|(T*T) | ex) < (KT K'Tx)  (28)
SO
m|(T*T) [ Ao x) AT < AKX K Tx) A*(29)

Or [T < |(T*T)™*|| ™, this implies

(1™ vma) o) (Jr [ vima)

<A(K'Tx,K'Tx) A*, VxeU.

(30)

And we know that (Tx, Tx) < ||IT|*(x, x), Vx € U. This
implies that

B(Tx,Tx)B* < (|T||B) {(x,x) (|IT| B)*, VxeU. (31)

Using (26), (30), (31) we have
(11 i) ) (fr] ina)
< J (A, Tx, A ,Tx) du (w) (32)
Q

< (ITI B) ¢x, x) (T B)*
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So {A,T: w e Q}isa continuous *-K-g-frame for U.
Moreover for every x € U, we have

T"STx =T" J A A Txdp (w)
Q
= J T*AS A Txdy (w) (33)
Q

. L (AT) (A,T) xdp (w).

This completes the proof. O

Corollary 10. Let {A,, € End,(U,V,) w € Q} be
a continuous x-K-g-frame for U and let K € End.,(U)
be surjective, with continuous =-K-g-frame operator S. Then
{A,S7": w e Q} is a continuous *-K-g-frame for U.

Proof. Result from the last theorem by taking T = ™' O

The following theorem characterizes a continuous *-K-g-
frame by its frame operator.

Theorem 11. Let {A ,},cq be a continuous *-g-Bessel for H
with respect to {H,} ,cq» then {A ,}yeq i a continuous x-K-g-
frame for H with respect to {H,},cq, if and only if there exists
a constant A > 0 such that S > AKK”™ where S is the frame

operator for {A ,}pca-

Proof. We know {A _},cq is a continuous *-K-g-frame for H
with bounded A and B if and only if

A(K'x,K"'x) A" < J (A yx, A yx) dp (w)
@ (34)
< B{(x,x) B"

If and only if

A(KK"x,x) A" < J (A5 A yx, x) du (w)
@ (35)
< B{x,x)B"
If and only if
A(KK"x,x) A* < (Sx,x) < B(x,x) B" (36)

where S is the continuous #*-K-g frame operator for {A },cq-
Therefore, the conclusion holds. O
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