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In this paper, the notions of Ciri¢ type (I) Z-contractions and Ciri¢ type (I) Z-contractions in generating spaces of quasi-metric
family are introduced and new fixed point theorems for such two contractions are established. We give examples to illustrate main

results.

1. Introduction and Preliminaries

The Banach contraction principle forms the basis of metric
fixed point theory. Because its importance, many authors gen-
eralized this contraction principle by generalizing the certain
contraction conditions.

Especially, Ciri¢ [1] proved a result on nonunique fixed
points as follows:

If amap T:T:(X,d) — (X,d), where (X,d) is a metric
space, satisfies

min{d(Tx, Ty),d(x, Tx),d(y, Ty)}
- min{d(x, Ty),d(y, Tx)} < kd(x, y), M)

for all x,y € X, where k € (0,1), then T has a fixed point
whenever (X, d) is T-orbitally complete.

Also, Ciri¢ [2] obtained the following result:

If a map T:(X,d) — (X,d) satisfies the following
condition

d(Tx,Ty)

<k max{d(x, y),d(x, Tx),d(y, Ty), %[d(x, Ty) +d(y, Tx)]},
(2)

for all x, y € X, where k € (0,1), then T has a unique fixed
point provided that (X, d) is T-orbitally complete.

Recently, Khojasteh et al. [3] presented the notion of Z
-contraction by using a simulation function and obtained the
following result:

Ifamap T : (X,d) — (X, d)is Z-contraction with respect
to a simulation funtion (, that is,

{(d(Tx,Ty),d(x, y)) 2 0, 3)

for all x, y € X, then T has a unique fixed point when (X, d)
is complete.

They unified the some existing metric fixed point results.
Afterwards, many authors (for example, [4-8]) obtained gen-
eralizations of the result of [3].

Also, a lot of authors generalized the Banach contraction
principle by introducing the concepts of generalized metrics,
for example, Branciari metric, b-metric, quasi-metric,
semi-metric, G-metric, cone metric, fuzzy metric, Menger
Probabilistic metric.

In particular, Chang et al. [9, 10] introduced the concept
of a generating space of a quasi-metric family and gave some
examples and properties of generating space of a quasi-metric
family, and they obtained some fixed point and minimization
results in such spaces.

In this paper, we introduce the concepts of Ciri¢ type
(I) Z-contraction maps and Ciri¢ type (II) Z-contraction
maps in generating spaces of quasi-metric family, and we
establish new fixed point theorems for such two contraction
maps.

Let X be a nonempty set and {d, : a € (0, 1]} be a family
of mappings d_; X x X — [0, 00) Va € (0,1].

Then (X, {d, : a € (0,1]}) is called a generating space of
quasi-metric family [9, 10] if the following are satisfied:
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(QM1) Va € (0,1],d,(x, y) = 0if and only if x = y;
(QM2) Va € (0,1],d,(x, y) = d, (v, x);

(QM3) Va € (0,1],3b € (0,a] such thatd,(x,z) < d,(x, y)
+dy (3, 2);

(QM4) Vx, y € X,d,(x, ) is nonincreasing and left con-
tinuous in a.

It follows from (QM3) and (QM4) that
Va € (0,1],3b € (0,a] such that
d,(x,z) <d.(x,y)+d.(y,z) Yc € (0,b]. (4)

Example 1. Let (X,d) be a metric space, and let
d,(x,y)=d(x,y) Va € (0,1], Vx, y € X.

Then (X, d) is a generating space of quasi-metric family.

Example 2. Let X =R, and let d_(x,y) = (1/a)|x — y| Va
€(0,1], Vx,y € X.

Then (X, {d, : a € (0,1]}) is a generating space of qua-
si-metric family.

Example 3. Let X ={a,b,c,d}, and let d : X x X — [0, 00)
be a map such that

d(a,b) = d(b,a) = 3,

d(b,c) = d(c,b) =d(a,c) =d(c,a) =1,

d(a,d) =d(d,a) = d(b,d) =d(d,b) = d(c,d) = d(d,c) = 4,
d(x,x) =0Vx € X. (5)

Letd,(x, y) = (1/a)d(x, y) Va € (0,1], Vx,y € X.

Then (X, {d, : a € (0,1]}) is a generating space of qua-
si-metric family.

Note that d is not a metric on X. In fact, the following
inequality is not satisfied:

d(a,b) < d(a,c) +d(c,Db). (6)
Let (X, {d, : a € (0,1]}) be a generating space of quasi-metric
tamily, {x,} ¢ X be a sequence, and x € X.
Then we say that
x, = x)ifand

n—o0""'n

(1) {x,} convergesto x (denoted by lim

onlyiflim,_d,(x,,x) =0Va € (0,1];
(2) {x,}isaCauchy sequenceifand onlyifVe > 0,3n, € N
such that
vn,m > ny,d (x,,x,) < € Va € (0,1]; (7)

(3) (X,{d, :a € (0,1]}) is complete if and only if every
Cauchy sequence in X is convergent;

(4) T:X — X is continuous at x if and only if
Ve > 0,38 > Osuch thatVa € (0,1],d,(Tx,Ty) <,
whenever d,(x, y) < &

(5) T:X — Xiscontinuous if and only if it is continuous
at each point in X.

Remark 4. Every generating space (X,{d,:a € (0,1]}) of
quasi-metric family is a Hausdorff space in the topology 7, |
induced by the family of neighborhoods:
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{V.(e,a):x e X,e>0ac(01]} (8)

where V_(e,a) = {y € X:d,(x, y) < €} (see [11]).
Thus, every convergent sequence in generating spaces of
quasi-metric family has a unique limit.
Note that every convergent sequence is a Cauchy sequence.
Also, note that T': X — X is continuous at x if and only if

Va € (0,1], lim d,(Tx,, Tx) = 0 whenever lim d,(x,, x) = 0.
©)

Let (X, {d, : a € (0,1]}) be a generating space of quasi-metric
family, and let T : X — X be a mapping.
Then we say that

(1) T isT-orbitally continuous if and only if
Va € (0,1], lim d,(T"7x,x) = 0

implies lim d,(TT""x,Tx) =0, VxeX.  (10)

(2) (X,{d,:a€(0,1]}) is T- orbitally complete if
and only if every Cauchy sequence of the form
{0 = T"x:i=1,2,3,---},x € X is convergent
in X.

Remark 5. Let(X,{d, : a € (0,1]}) be a generating space of
quasi-metric family, and let T : X — X be a mapping.

(1) if T:X — X is continuous, then it is T-orbitally
continuous;

(2) if(X,{d, : a € (0,1]}) complete, then it is T-orbitally
complete.

Remark 6. A generating space of quasi-metric family induce
a fuzzy metric space and Menger probabilistic metric space
(see [12] and [13], respectively).

Let Z be the family of all mappings{ : [0, 00) x [0,00) — R
such that

1) (0,0) =0
(€2) L(t,s) <s—tVs, t >0
(¢3) for any sequence {t,},{s,} c [0,00)

lim sup{(t,,s,) < 0, whenever lim ¢, = lim s, > 0.

(11)

We say that { € Z is a simulation function [9].
Note that for allt > 0, {(¢,t) < 0.

Example 7. Let {,:[0,00) — [0,00),i=1,2,3,4,5,6,7,8,
be functions defined as follows:

(1) §(t5) = ¢,(s) — ¢, (t) Vt, s > 0, where ¢, 9, : [0,00)
— [0, 00) are continuous functions such that

¢ (10}) = 0, ¢, ({0}) = 0 and ¢, (1) < t < ¢, (H)VE > 05
(12)



Journal of Function Spaces

(2) Gt s)=s—(f(t s)/g(t,s))t Vt,s >0, where f,g:

[0, 00) x [0, 00) — [0, 00) are continuous finctions
with respect to each variables such that

f(t,s) > g(t,s) Vt,s > 0; (13)

(3) ((t,s) =s—¢(s) -t Vt,s >0, where ¢: [0,00) —
[0,00) is a lower semi-continuous function with
¢'({0}) = 0;

(4) C,(t,s) = sp(s) —t Vt,s > Qwhereg : [0,00) —
is a function such that

[0,1]

li f) < 1Vr>0;
lim supe(t) r (14)

(5) Cs(t,s) = w(s) —t Vt,s > 0,wherey : [0,00) — [0, 00)
is an upper semicontinuous function such that
y(t) <t Vt>0and y(0) =0; (15)
(6) (4(t,s) = ks —tVt,s > 0, where k € (0,1];

(7) §(t,s)=s— I;v(u)duVs,t > 0, where v : [0,00) —

[0, 00) is a function such that
foe v(u)du > eVe > 0; (16)

(8) G4(t,s) =7 —tVs,t20.

Then(, € Z, Vi=1,2,3,4,5,6,7,8.

For more examples of simulation functions, we can find
n[8,9,11,12].

Lemma 8. Let (X,{d, : a € (0,1]}) be a generating space of
quasi-metric family. Suppose that {x,} ¢ X is not a Cauchy
sequence.

Then there exists an € > 0 for which we can find two subse-
quences {x,,,} and {x,,} of {x,,} such that m(k) is the smallest
index with m(k) > n(k) > k

da(xm(k),xn(k)) > ¢, wherea € (0,1] and ds(xm(k)_l,xn(k))

<eVse(0,1].
(17)
Further if
}iﬁn{}ods(xnfl,xn) =0Vs e (0,1], (18)
then we have
(1) lim, oo, (X, X ) = € Ve € (0,al;
(2) Hoodh(xm(k)ﬂ,xn(k)) =€, whereb € (0,a];
(3) ,Hoodh(xm(k),xn(k)ﬂ) =€, whereb € (0,a];
(4) ,Hoodb( m(k)ﬂ,xn(k)ﬂ) =¢, whereb € (0,a];

Proof. If {x,} ¢ X is not a Cauchy sequence, then from
definition (17) holds.

Suppose that (18) is satisfied.
Then from (17) we have that for each ¢ € (0, a]

3
€ < dy(X90 Xuty) < Aol Xug)
< db(xm(k)’ xm(k)—l) + db<xm(k)—l’ xn(k))
< db(xm(k),xm(k)fl) + €, for some b € (0,c]. (19)
By taking k — oo in above inequality
lim dc(xm(k),xn(b) =eVc € (0,a]. (20)

k—00

Hence (1) is proved.

We show that (2) holds.

It follows from (QM3) and (QM4) that for
a € (0,1],3b € (0, a] such that Vc € (0, b],

da(xm(k)’xn(k)) < dc(xm(k)’xm(k)H) + dc(xm(k)H’ xn(k))’ (21)

dc(xm(k)+1’ xn(k)) < de(xm(k)+l"xm(k))

+ de(xm(k),xn(k)) for some e € (0,c],

(22)

Letting k — ooin Equations (21 and 22), and using Equations
(18 and 19) we obtain

dim A (%901 Xu9) = € Ve € (0,]. (23)
In particular, we have
kh_)n;) dh(xm(k)+1,xn(k)) = ¢, where b € (0,a]. (24)

Thus proof of Equation (2) is complete.
In similar with the proof of Equation (2), we have

lim d, (x,,405 X,091) = € Ve € (0,], (25)
and so
I}Lngo dh(xm(k),xn(k)ﬂ) =¢, whereb € (0,a].  (26)

We now show that Equation (4) holds.
For a, 3b € (0, a] such that Vc € (0, b],

da(xm(k)H’ xn(k)) = dc(xm(k)ﬂ’xn(k)ﬂ) + dc(xn(k)ﬂ’xn(k))’
(27)
and

dc(xm(k)ﬂ’ xn(k)+l) < de(xm(k)H’ xm(k))

(28)
+ de(xm(k), xn(k)+1) Ve € (0,c].

By taking k — oo in Equations (17) and (29), and using
Equations (18), (23) and (25) we obtain

Bim d(%,.0415 Xyo01) = € Ve € (0,1, (29)
and so
;}Ln;lo db(xm(k)ﬂ,xn(k)ﬂ) =€, whereb € (0,a].  (30)

Hence (4) is proved.



Lemma 9. Let (X,{d, : a € (0,1]}) be a generating space of
quasi-metric family. Suppose that

lim d (x,,x) =

n—o00

Oand lim d,(y, y) =0Va € (0,1]. (31)

Then we have
r}i_g)loda(xn’ yn) = da(x’ y) Va € (0’ 1] (32)

Proof. Since

da('xn’ yn) < db('xn’ X) + db('x’ yn)’b € (0’ a]’ (33)

da(x’ y) < dc(x’ yn) + dc(yn’ y),C € (O’ a]’ (34)

we have

du('xn’ yn) = db(‘xn’x) + db(x’ yn) = db(‘xn’x) + dbc(x’ yn)’

(35)
da('x’ y) < dc('x’ yn) + dc(yn’ y) < dbc(x’ yn) + dc(yn’y)’
(36)

where dbc(yn’ y) = ma‘x{db(yn’ y)’ dc(yn’y)} and dbc(x’ yn) =

max{db(‘x’ yn)’ dc('x’ yn)}
Hence we have

0 < |d, (%, 3,) = (6 Y)| = [da(, ) = e (%, 7,.)
+dy (%, y,) = d (% )| < |do(x, 3,) = Ay (%, )|
+ e (%3,) = do (3 3)] < dy (3, %) + (3, 7)
<d,(x,,x)+d,(y, y)where0 < e < min {b, c}. (37)

By taking n — oo, we obtain

lim d,(x,, y,) = d,(x, y) Ya € (0,1]. (38)

O

2. Fixed Point Theorems

2.1. Nonunique Fixed Point Results. Let (X, {d,
be a generating space of quasi-metric family.

A mapping T : X — X is called Ciri¢ type (I) Z -contrac-
tion with respect to { € Z if

{(m(a, x, y),d,(x,y)) > 0,Va € (0,1], (39)
forall x, y € X, where m(a, x, y) = d (Tx, Ty)

_min{da(x’ Ty)’ da(y’ Tx)’ da(x’ Tx)’ du(y’ Ty)} (40)

Now, we prove our first fixed point result.

ca€(0,1]})

Theorem 10. Let (X,{d, : a € (0,1]})be a generating space
of quasi-metric family, and let T : X — X be a Ciri¢ type (I)
Z-contraction mapping with respect to {. IfX is T-orbitally
complete, then T has a fixed point.

Proof. Let x, € X be any fixed point. Define a sequence
{x,}cXbyx,=Tx, ,=T"x,¥n=1,2,3---

Ifx, = x,,, for somen, €N, then x, is a fixed point of
T, and the proof is finished.
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Assume thatx, | # x, Vn=1,2,3--.
We infer that Vn = 1,2,3, - -

= da(Txn—l’Txn) — min {da( n I’Tx )
a(x Txn 1)’da('xn—1’Txn—1)’da(xn’ Txn)}
a(‘xn’ n+1) — min {du(‘xnfl’ xn+1)’ da(‘xn’ xn)’

u('xn l’x ) da(xn’ xn+l)} = da(xn’ xn+l)‘
(41)

It follows from (41) and (42) that Va € (0,1], Vn=1,2,3,---
0 < C(m(a’ xn—l’ xn)’ da(xn—l’ xn))

= C(da(xn’xn+l)’da(xn—1’xn)) (42)
< da(xn—l’ xn) - du('xn’ xn+1)'

Consequently, we obtain that Va € (0,1], Vn =1,2,3,---

da(x n+1) < d (x 1")C ) (43)

Since {d,(x,_,,x,)} is a decreasing sequence bounded from
below by 0, there exists r > 0 such that

m(a’ xn—l’ xn)

lim d,(x,.,,x,) =7, Ya € (0,1]. (44)

We now show thatlim,__d (x, ,,x,) =
On the contrary, assume that

0, Va € (0, 1].

lim d,(x,_,x,) =7 >0, wherea € (0,1].  (45)

Let t,:=m(a,x, ;,x,) and s, :=d(x,,x,),a¢€0,1],
Vn=12,3,---
Then

lims, =lim¢,=r>0. (46)

n—o00 n—o00

From condition ({,) we have

0 <lim sup {(t,s,) <0, (47)

n—o00
which is a contradiction. Hence we have r = 0, and hence
lim d,(x,,x,.,) =0, Ya € (0, 1]. (48)

We now show that {x,} is a Cauchy sequence.
Suppose that {x,} is not a Cauchy sequence.
By Lemma 8, there exist € > 0 and two subsequences

{xn(k)}, {xn(k)} of {x,} satisfying (17).
Since (49) holds, from Lemma 8 we have that

lim d ( Xk xn(k)) =& and lim db(xm(km, xn(k))

n—o0
= lim d,(x ( m<k>’xn<k>+1) (49)

= lim d ( m(k)+1’xn(k)+1)

n—00
= ewhereb € (0,a]
Let

te = m(b, Xm(k) xn(k)) = db(xm(k)ﬂ’ xn(k)+l)
— min {db(xm(k)’ Xn(k)+1 )’ d, (xm(k)ﬂ’ xn(k))’

db(xm(k)’ Xm(k)+1 )’ db(xn(k)’ Xo(k)+1 )}’ S =4, (xm(k)’ Xa(k) )
(50)
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Then

]}Lngotk— lim sk—s>0 (51)

It follows from (&€3) that
0< klim sup {(t;,s,) <0, (52)

which is a contradiction.
Thus {x, = T"x,} is a Cauchy sequence. It follows from
T-orbitally completness of X that there exists x, € X such that

lim d,(x,,x,)=0, Ya € (0,1). (53)

From Lemma 9
lim d,(x,,Tx,) = d,(x,,Tx,), Va € (0,1]. (54

Thus it follows from (40) that

0 < {(m(a x,,x.),d,(x,, %)) < dy(x,, x,) - m(a, x,, x,),
(55)
where
m(a, x,,x,) = d (Tx,, Tx,) — min{d,(x,, Tx, ),

d,(x. T%,).d, (%, Tx,). d,(x.. T, )}
— d,(x,,,,Tx.) - min{d, (x,,Tx.)
(%0 %11 )s Ao (% %0 ) (%, TX)L (569
Hence
m(a, x,, x,) < d,(x,,x,). (57)

Letting n — oo in above inequality, and using Equations (49),
(54) and (55), we have

d,(x,,Tx,)=0Va € (0,1]. (58)
Thus x, = Tx,.

Example 11. Let X =
€(0,1], Vx,y € X.

[0, 00) with d,(x, y) = (1/a)|x — y| Va

Then (X, {d,
si-metric family.
Define a mapping T : X — X as follows:

:a € (0,1]}) is a generating space of qua-

Tx = %x. (59)
Let{(t,s) = ¢(s) — w(t), where
w(t) = 2t and $(t) = }lt Ve > 0. (60)
Then( € Z.
We have that
¢(m(a, x, y),d,(x, y)) = ¢(d,(x, y)) - y(m(a, x, y))

= 92l =) ~w( 5 b=yl - min{d, (5. 7,
4,(7.T9), (3. Ty), (3, Tx)) ) = 2 min {d, (. T),

dy(3,Ty),d,(x, Ty),d,(y,Tx)) 2 0
Thus T is a Ciri¢ type (I) Z-contraction with respect to (.

(61)

All conditions of Theorem 10 are satisfied. Hence, from
Theorem 10 T has a fixed point, x, = 0.

Corollary 12. Let (X, d) be a metric space, and letT : X — X
be a mapping such that

¢(m(x, y),d(x, y)) = 0. (62)
forallx,y € X, wherem(x, y) = d(Tx, Ty)
—minf{d(x, Ty),d(y, Tx),d(x, Tx),d(y, Ty)}. (63)
If X is T-orbitally complete, then T has a fixed point.
2.2. Unique Fixed Point Results. Let (X, {d,
generating space of quasi-metric family.

A mapping T : X — X is called Ciri¢ type (II) Z-contrac-
tion with respect to { € Z if

Va € (0,1], Vx, y € X,{(d,(Tx,Ty),n(a,x, y)) 20,  (64)

where n(a, x, y) = max{d,_(x, y),d,(x, Tx),d,(y, Ty), (1/2)
[d,(x,Ty) +d,(y,Tx)]} and { € Z is nondecreasing with
respect to the second variable.

:a€(0,1]}) bea

Theorem 13. Let (X,{d, : a € (0,1]}) be a generating space
of quasi-metric family, and let T : X — X be a Ciri¢ type (II) Z
-contraction with respect to { € Z.If X is T-orbitally complete,
then T has a unique fixed point.

Proof. Firstly, we show the uniqueness of fixed point
whenever it exists.

Suppose that T has two fixed points, say u, v € X such that
u+w
Then from (54) we have
0 < {(d,(Tu, Tv),n(a,u,v))
<d, (u,v) -

= {(d,(w,v), d,(u,v))
da(u’ V) = 0’ (65)

which is a contradiction. Thus T has a unique fixed point if it
exists.

Secondly, we show the existence of fixed point.

As in proof of Theorem 10, let us define a sequence
{x,} cXbyx,=Tx, ,=T"x,Vn=1,2,3---, where x, € X
is any fixed point, such that

X, F#Fx,Vn=1,2,3---. (66)
We infer that
(a’ xn—l’xn) = max {da(xn—l’xn)’da(xn 1’ n 1) d (X )
%[du(xnfl’Txn) + da(xn’ T‘xnf )]}
= max {da(xn l’x ) du( n l’x )’da( n+1)
1
S5 %,0) 4 (35,0%,)1
< max {da(xn l’x ) d ( n l’xn)’du( n+1)
1
21,5 x,) 4 dy (3,001}
< (3,10 %,): (5,10, (50,00,
1
E[db('xn—l’x n+1) }
= max {db(xn b %) dy(x,, xnﬂ)}whereb € (0,a]. (67)



Hence

ﬂ(b, Xp-1> xn) < max {db(xn—l’ xn)’ db(xn’ Xnt1 )} (68)
It follows from 65 that
0< ((db(T‘xnfl’ Txn)’ n(b’ xn’ 'xn+1))
= C‘(db(xn’ Xpt1 )’ l’l(b, X Xyl ))
< Vl(b, xn’ xn+1) - dh(xn’ xn+1)
< max {db(‘xnfl’ xn)’ db(‘xn’ xn+1)}
- dh(xn’ xn+1)’ (69)
which implies
db(xn’an) < db(xn—l’xn)vn =1,2,3,---. (70)

Thus there exists r > 0 such that

lim d,(x,_,x,) =r. (71)

n—o00

We show that r = 0.
Assume thatr # 0.

Let
Sy = max{db(xn—l’ xn)’ db(xn’ xn+1)} and
72
t,=dy(x,,%,,,)Vn=1,2,3,--. (72)
Then lim,_, s, =lim,_ t, =7 >0.
It follows from (54 and 55) that
0 < lim sup {(d,(Tx, ,,Tx,),n(b,x, ,,x,))
73
< lim sup{(¢,,s,) < 0, 73)
which is a contradiction. Hence r = 0, and hence
lim d,(x,_;,x,) =0, Vb € (0,a]. (74)

We now show that {x,} is a Cauchy sequence.
Suppose that {x,} is not a Cauchy sequence.
By Lemma 1.1, there exist € > 0 and two subsequences
{x0 b {0} of {x,} satistying (17).
Since (73) holds, it follows from Lemma 1.1 that
Jim d (%000 %) = & and im d, (%9, %)

= lim d (xm(k)>xn(k)+1)

n—oo ¢

(75)
= lim dc<xm(k)+1’xn(k)+l)

n—-0oo

= gforsomec € (0,b).

Lets, = n(c, Xk xn(k)) andt, = dc(xm(k)ﬂ,xn(k)ﬂ).
Then

Jim (e, %495 X,0) = lim d (%00, %,9) = €. (76)
Thus from ({3) we have
0 < limsup {(£,,s,) <0, (77)
which is a contradiction. Thus {x,} is a Cauchy sequence.
Hence there exists x, € X such that

lim d,(x,,x,)=0Va € (0,1]. (78)
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Let s,=n(a,x,x,) and t, =d(x,Tx,),ac€0,1],
Vn=123,---.
Ifd,(Tx,,x,) >0, where a € (0, 1], then from Lemma 9

we have

lims, = lim ¢, = d,(x,,Tx,) > 0. (79)
Hence
0 < limsup {(¢,,s,) <0, (80)
which is a contradiction.
Thus
d,(Tx,,x,)=0Va € (0,1]. (81)

Hence x, = Tx.,.

Corollary 14. Let (X,{d, : a € (0,1]}) be a generating space
of quasi-metric family, and let T : X — X be a mapping such
that

Va €(0,1), Vx,y € X,{(d,(Tx,Ty),l(a,x,y)) 20, (82)

where 1(a,x, y) = max{d,(x, y), (1/2)[d,(x, Tx) + d (3, Ty)],
(1/2)[d,(x,Ty) +d,(y, Tx)|}and{ € Z is nondecreasing with
respect to the second variable.

If X is T-orbitally complete, then T has a unique fixed point.

Corollary 15. Let (X,{d, : a € (0,1]}) be a generating space
of quasi-metric family, and let T : X — X be a mapping such
that

Va € (0,1], Vx,y € X,{(d,(Tx,Ty),d,(x,y)) = 0, (83)

where { € Z is nondecreasing with respect to the second
variable.
If X is T-orbitally complete, then T has a unique fixed point.
By taking { = {, in Corollary 2.5, we have the following
result.

Corollary 16. (Banach) Let (X,{d,:a€(0,1]}) be a
generating space of quasi-metric family, and let T : X — X be
a mapping such that

Va € (0,1], Vx,y € X,d, (Tx,Ty) < kd (x, ), where k € (0,1].
(84)

If X is T-orbitally complete, then T has a unique fixed point.

Corollary17. Let (X, d) be a metric space, and letT : X — X
be a mapping such that

Vx,y € X,{(d(Tx, Ty),n(x, y)) 2 0, (85)

where n(x, y) = max{d(x, y),d(x, Tx),d(y, Ty), (1/2)[d(x, Ty)+
+d(y, Tx)]} and{ € Z is nondecreasing with respect to the sec-
ond variable.

If X is T-orbitally complete, then T has a unique fixed point.

Example 18. Let X ={2/n:n=2,3,4,---} U {0}, and let

d,(x,y) = i|x - y| Va € (0,1]. (86)
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Let T : X — X be a map defined as %(du(Tg, T0>, n(a, g) 0))
5 5 n n
T = <x=—,n:2,3,4,~->, =C<l' _2 13)
*= gi%) 0 n (87) Na n+l'a n
’ ) 1 2 a-2/n
=—== IOI/ 2t (1+2u)du
a n
Obviously, (X,{d, : a € (0,1]}) is complete, and hence it is 12 /1 2 1 2\
T-orbitally complete. O0=—--—-(- T <— . 1)
We now show that T’ its a Ciri¢ type (II) Z-contraction with a n a nt a nt
respect to {,(t,s) = s — _[Ov(u)du with v(u) = 1+ 2u, Yu > 0. - 1 4 -
Case 1: Letx = 2/n,y = 0. a nn+1) (88)
Then we have
Case 2: Letx = 2/n, y = 2/n(m < n).
2 .2 2 2 1 2 2 1 2 2
Sarpro o n i) -0 G )h e G3))
n n m a \n+l m+1/ a \n m
1 2 2 a-(2/n+1-2/m
=_. <_ - _> - Iol/ @re1=2/me) (1+2u)du
a \n m
1 (2 2) <1< 2 2 ) <1< 2 2 )Y)
= — | =—m=— )= = — +( - - —
a \n m a \n+l m+1 a \n+l1 m+1 (89)
1 2m-n)n+)(m+1)((n+ )(m+1) - mn+ 4(m - n)’)
“a mn(n +1)*(m + 1)
1 2(m—n)((n+ (m+ 1)—mn+4(m—n)2)
= 2. >0
a mnn+ 1)(m+ 1)
Thus T is a Cri¢ type (II) Z-contraction with respect to (. All
conditions of Theorem 13 are satisfied, and T has a unique d (x,y)
fixed point theorem x, = 0. Va € (0,1], Vx, y € X,m(a,x, y) < T+d(ny) (93)

However, Bananch contraction principle in the setting of
generating spaces of quasi-metric family, i.e. Corollary 16 is
not satisfied.

Infact,ifforx =2/n,y =2/(n+1) Vn=2,3,4,---

Va € (0,1],d,(Tx,Ty) < kd(x, y), where k € (0,1],  (90)
then we have that
EE TN T T
aln+1l n+2 aln n+1
which implies
mntD) 34, (92)

T (m+1Dn+2)
By taking n — oo, we have k > 1 which is a contradiction.

Thus Theorem 13 is a generalization of the Banach con-
traction principle in generating space of quasi-metric family.

3. Consequence

By applying simulation functions of Example 3 to Theorem 10
and Theorem 13, we have some fixed point results.

Especially, taking {, for { in Theorem 10 and Theorem 13,
we have the following results.

Corollary 19. Let (X, {d, : a € (0, 1]}) be a generating space of
quasi-metric family, and let T : X — X be a mapping such that

If X is T-orbitally complete, then T has a fixed point.

Corollary 20. Let (X, d)be a metric space, and letT : X — X
be a mapping such that

d(x, y)

< —.

Vx,y € X,m(x, y) < T+ d(o )

(94)

If X is T-orbitally complete, then T has a fixed point.

Corollary 21. Let (X,{d,:a € (0,1]}) be a gessnerating
space of quasi-metric family, and let T : X — X be a mapping
such that

n(a, x, y)
Va e (0,1], Vx,y € X,d (Tx,Ty) < ——————.
a€(0,1], Vx, y o(Tx, Ty) T (@)
(95)

If X is T-orbitally complete, then T has a unique fixed point.

Corollary22. Let (X, d) be a metric space, and letT : X — X
be a mapping such that

n(x, y)

Vx,y € X,d(Tx,Ty) £ —————.
Xy (Tx, Ty) e y)

(96)

If X is T-orbitally complete, then T has a unique fixed point.
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