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We investigate a class of fractional Schrodinger-Poisson system via variational methods. By using symmetric mountain pass
theorem, we prove the existence of multiple solutions. Moreover, by using dual fountain theorem, we prove the above system has a
sequence of negative energy solutions, and the corresponding energy values tend to 0. These results extend some known results in

previous papers.

1. Introduction

We consider the following system via variational methods:

(-A)*w+V (x)w + w
=g (x,w) + Ah(x) wi?w, xeR, (SP)

-0 ¢=uw’, xePR’,

where A > 0,1 < g<2,a f¢€(0,1],28+4a > 3. (-A)" and
(-A)P represent the Laplace operator of the fractional order. If
a = f3 = 1, then the system (SP) degenerates into the standard
Schrodinger-Poisson system, which describes the interaction
between the same charged particles when the magnetic effect
can be ignored [1]. In recent years, the existence, multiplicity,
and centralization of solutions for the Schrodinger-Poisson
system have been deeply studied via variational methods, and
a great number of works have been obtained, see, for example,
[2-8]. On the other hand, (—A)* is a class of nonlocal pseudo-
differential operators. Since nonlocal differential equations
can better and more fully describe the physical experimental
phenomena than classical local differential operators, the
study of nonlinear fractional Laplace equation has become
one of the most popular research fields in nonlinear analysis.

In the literature [9], Wei considered the following system:

AN w+V(x)w+d¢w=g(xw), xeR,
€))
(-A)* ¢ =y ', xeR’.

By using the critical point theory, the author obtained
infinitely many solutions when « € (0, 1]. In the literature
[10], Teng studied a system of the form

(A *w+V () w+¢w =0 |w/T w+ lw%w,
xeR’ (2)
A p=uw, xeR’
where g € (1,(3 + 2)/(3 — 2)), &, B € (0,1), 23 + 2 >
3. In [11], Zhang, Marcos, and Squassina used perturbation

approach to obtain the existence of solutions for the following
system when the nonlinear term is subcritical or critical

(A *w+ Apw = g(w), xeR’,
(3)
0P ¢ =M, xeR’,
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where A > 0, &, € [0,1]. In [12], Duarte and Souto
investigated the following system via variational methods

A w+V(x)w+dw=gw), xeR’,
(4)
AP =u?, xeR?,

where o € (3/4,1), f € (0,1),V : R — Risa periodic
potential. A positive solution and a ground state solution were
got in [12]. In [13], Li studied a system of the following form:

A w+V(x)w+¢w=g(xw), xeR’,
(5)
-AF¢p=uw?, xeR?

where «, € (0, 1], 23+ 4« > 3. Combining the perturbation
method with mountain pass theorem, the existence of non-
trivial solutions was obtained in [13]. In [14], Yu, Zhao, and
Zhao studied the following fractional Schrédinger-Poisson
system with critical growth via variational methods

E5(-A) w+V (x) w+ ¢w = w2 w+ gw),
xeR’, (6)
% (A" ¢ = w?, xeR

where & € (3/4,1),2, = 6/(3 — 2a), the potential V
is continuous with positive infimum, g is continuous and
subcritical at infinity. Under some Monotone hypothesis on
g the existence of positive ground state solution is got in [14].
For small € > 0, a multiple result is also got in [14].

Inspired by [9-16], in this paper, we prove the existence
of multiple solutions for system (SP) by symmetric mountain
pass theorem. Moreover, we prove the system (SP) has
a sequence of negative energy solutions by dual fountain
theorem. The assumptions on V and nonlinearity g in this
paper are given below:

(V) V. e C[RR),V, =
lim 00 V(X) = +00;

(H1) g € C(R® x R,R), and there exists C,; > 0such
that |g(x, w)| < C,(lw| + [w|P™"), where p € (4, 2,),2, =
6/(3 - 2a);

(H2) there exist k > 4 and r > 0 such that 0 <
kG(x, w) =« j(;u g(x, t)dt < g(x, w)w, for |w| > r. Moreover,
inf, cgs = GO6, w) > 05

(H3) g(x, ~w) = —g(x, ), x € R>, w € R;

(H4) h: R* — R*,and h € LY*"P(R?).

inf,cgs V(x) > 0 and

2. Preliminaries

For 1 < v < oo, L"(R?) denotes the usual Lebesgue space
with norm [lw|, = (IR3 leydx)w. Fix « € (0, 1), fractional
Sobolev space H *(R?) denoted as

H* (R%)

= {w e’ (R): J (1+117) |Fw @) dI < oo}, 7
RS
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equipped with the norm

1/2
lwl = (|, (Fw®P + 0 1700 d)  ©

where Fw denotes the Fourier transform of function w. Let
g € Cgo([R3 ); the fractional Laplacian operator (—A)*
CP(R?) — (CP(R?)) is defined by

-8 g=F" (" (Fg)), 1R’. )
According to Plancherel theorem [17], one has |[Fw|, =

lwl,, I1¥Fwl, = I(=A)?wll,. By (8), we define the
equivalent norm

1/2
lwllge = <JR ('(—A)"‘/zw(x)|2 +lw (x)|2) dx) . (10)
D%4(R?) is denoted as
D** (R%) = {w e I (R*): 1" Fw () e I (R3)}. an

In particular, D**(R®) is the completion of C8°([R3), with
respect to the norm

= ([ o)
(12)

1/2
=<j |l|2"‘|37w(l)|2dl> .
RS

LR, h), q € (1,2) represents a weighted Lebesgue space,
that is,

L(R%,h) = {w R’
—> R is measurable and J h(x)|w|?dx (13)
R.’)

v}

equipped with the norm

1/q
sy = ([ oo witax) " a0

For convenience, we use C to represent any positive
constants which may change from line to line. According to
[18], the embedding H*(R®) — L”(R®) is continuous for all
v € [2,2.], i.e., there exists M, > 0 satisfying

lwl, < M, |wlg, weH*(R). (15)

So, the embedding H*(R?) < L”(R?) is continuous when
2B+ 4o > 3. Fixw € H*(R®); we define the nonlinear
operator L, : DM (R’ — R by

Lw(v)zj

wvdx. (16)
R.’)
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Hence

(3+2P)/6
L (] weor e ax)
RS

' <JR el dx)lﬂ; 17)

>(3+2/3)/6

<C <J lw ()220 g Wl
R.’)

2
< Cllw|” Vil sz -

By Lax-Milgram theorem, we can find a unique ¢f ¢
DP2(R?) such that

J (—A)ﬁ/2 (/)f} (—A)‘B/2 vdx = J wvdx,
R3 R3? (18)

vv e DP? (R?),
and </>ﬁ is expressed as

w’ (y)
y
(19)
r(3/2-2p)

where Cl; = Wﬁr(/})

According to (19), (pf) > 0 for all x € R>. Since B € (0,1],
23 + 4 > 3, we can also get 12/(3 + 23) € (2,2}). Together
with (17) and (18),

"¢1€||Dﬁ,2 = ,[Rs '(—A)ﬁ/z ‘/’f,'zdx
<o([ mweorremar) @0
R.’)

2
< Clw|”.

From Holder’s inequality and (19),

J (/)f}wzdx
RS
(3+20)/6
(12/(3+2a))dx B (21)
<cC (jR jw ()] ) 16l
< Clwl® |¢5] y: < Clwll*
Evidently,
J P utdx < Cllwl*. (22)
RS

Substituting (18) into system (SP), system (SP) is equivalent
to

A w+V(x)w+ </>ﬁw
(S)

= g (x,w) + A (x) [w|T 2 w.

For the equation (S), we define the work space E as
E:= {w € H” ([R3) : JW V (x) wdx < oo} , (23)
with
ot = ([ ([ f +vu?)ac) . @

Lemma 1 (see [19]). Assume condition (V) holds, « € (0, 1),
v € [2,2}); then the embedding E — L"(R%) is compact.

From (V) and (H1)-(H4),I : E — R

I(w) = % ,[Rs ('(_A)a/Z w'z +V (x) wz) dx

+ l J gbf}wzdx - J G (x,w)dx (25)
4 Jrs R3

A J h(x) |lw|?dx.
q Jr’

is well defined. Moreover, by Lemma 1,1 € C Y(E,R) with
<I "(w), v>

= J ((—A)‘X/2 w(-A)"* v+ V (x) wv) dx
R3
(26)
+ J gbﬁwvdx - J. g (x,w) vdx
R3 R3
- AJ h(x) |wi?wvdx, veE
R3

Proposition 2. (i) If equation (S) has a solution w € E, then
system (SP) has a solution (w, ¢) € E x Dﬁ’Z(IR3).
(i) If for every v € E, the following equation

J ((—A)‘X/2 w (=N v +V (x) wv) dx
RS

+ J (pﬁwvdx - J g (x,w)vdx (27)
R R?
-1 J h(x) [w]7 wvdx = 0
R.’)

holds, then w € E is a solution of (S).

Set {ei}f.fl as a set of normalized orthogonal basis of E,

X; = Re. Y = & X;, Z, = @2, X, k € N. Obviously,
E = Yk @ Zk‘

Definition 3 (see [20, 21]). Set I € CYE,R), c € R.If any
sequence {w,} C E satisfying

Iw,) —«
I'(w,) — 0, (28)

n— 00,



has a convergent subsequence, then I satisfies the (PS),
condition. Any sequence satisfying (28) is called the (PS),
sequence.

Definition 4 (see [21, 22]). Set I € CYE,R),c € R.If every
sequence {wnj} C E, satisfying

W, € Ynj ,

(29)
I|;nj — 0,

n— 00,

has a convergent subsequence, then I satisfies the (PS)!
condition.

Proposition 5 (see [23]). Let E = Y & Z be a Banach space
with dimY < co. Assume I € CH(E,R) is an even functional
and satisfies the (PS), condition and

(Al) there exist w, u >
inf ez juj=w 1(W) = @

(A2) for every linear subspace U C E with dimU < oo,
there exists a constant L = L(U) such that max,,¢; o1 [(w) <
0;

then I has a list of unbounded critical points.

0 satisfying Ipp ny =

Proposition 6 (see [22]). Assume that I € C'(E, R) is an even
functional, ky, € N. If for any k > k, there exist rj, > y, > 0
such that

(C) b = inf{I(w) : w € Z, |lw]| =1} = 0;

(C2) g = max{I(w) : w € Y, [w|l = y,} < 0;

(C3) ¢ = inf{l(w) : w € Z, |w| <1} — 0, k — o0;
(C4) for everyc € [cko, 0], I satisfies the (PS): condition,

then I has a sequence of negative critical points that converge
to 0.

3. Main Results

Lemma 7. If hypotheses (V) and (H1)-(H4) hold, then for any
c € R, I satisfies the (PS), condition.

Proof. First, we prove the (PS). sequence {w,} of I is
bounded. According to (H4), it is easy to get that

J h(x) |wn|q dx
RS

p <J»R3 |h(x)|2/(2_q) dx)(z—q)/z <JR3 |wn|2 dx)q/z (30)

< hllyyo-g Iwld < M Nl g wa]?-
By condition (H2), there exists r > 0 such that

gw)w >«kG(x,w), |wl=>r. (31)
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Moreover, for any given C,, € (0, (1/16)V;), we can choose a
constant & > 0 such that

l%g (x,w)w -G (x, w)‘ < Cowz, for lw| <d8. (32)
From condition (H1), when § < |u| < r, one has
l%g(x,w)w—G(x,w)l£C<%+rp_2>w2. (33)
So, for any |w| < 7,

‘lg(x,w)w—G(x,w)‘ SCsz +C<% +rp_2)w2. (34)
K

For lim_,, 4, V(x) = +00, there exists L > r > 0 such that
V> C(5?), 2L (35)
16 8 ' -

Now (34) implies

lj V (x) u)fldx
4 Jg3

+J lg(x,wn)wn—G(x,u)n)]alx

lw, ()l<r LK
1 2

> - J V (x) w,dx
4 Jr3

- [CO |wn|2+C(— +rp_2>|wn|2]dx
|w, (x)|<r

1 2
+ 3 JRs V (x) w,dx (36)

1
.meas{xeR3 | x| SL}Z —J V(x)u)fldx
8 Jr3

1 _
—C<5 +rP 2>r2-meas{x€R3 (EY SL}'
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Since {w,} is the (PS), sequence, when # is large enough,
1
c+ "wn“ = (wn) - E <I, (wn) ’wn>

= <% - %) sz (qu)n|2 +V (x) u)fl) dx

1 1 2 2

+ (4 K) JRS (/)wnwndx

+J [lg(x,wn)wn—G(x,wn)]dx
R3 LK

1 l))&j h(x) [w,|? dx
kK q R

> i JRS (Vw,[* +V (x) w?) dx o)
+ [ [zotw)w,~Glow,)] dx

1
- ;) AM hlly2-g) |

S (s w,)w, - Glsw,)| dx
K

1 1
(32 A Wit g

q «
Thus, according to (36), when 7 is large enough,

¢+ w

1 2 1 2
> n JRS |an| dx + n ,[Rs V (x) w,dx

+J [lg(x,wn)wn—G(x,wn)] dx
|w,(x)|<r LK

11
- ( ) AMS 1l -g) wa]* (38)

q «
Liwir-c(t P-Z)Z
> <fw P -c 5+
- meas {x eR’ | |x| SL}

1 1
(3= 1) A it g

q x
Therefore, {w,} is a bounded sequence in E. By Lemma 1,
there exists @ € E such that
w, = w inkE,
w, —®w inL" (R3) , (39)

w, (x) — wW(x) ae. on R

5
Next, we define the linear operator B, : E — R as

B,(v) = (- ¢ (-A)"v. (40)

From Holder’s inequality, we obtain
'Bq, (v)' < ||(p|| lvl, veeE. (41)

Now by Lemma 1 and (22),
lJR3 ¢f;nwn (wn - {U\) dx|
B _
< "¢wn 2 ||wn“12/(3+2/3) Jlew,, ~ w||12/(3+2/3)

(42)

<Clles,

b2 “wnlllz/(3+2ﬁ) "“’n - m"lz/(3+2[3)
3 —~
<C ||wn||12/(3+2ﬁ) [, - w||12/(3+2ﬁ)

<C ||wn||3 ||u)n - m"12/(3+2/§) :

Similarly, we can also prove
B~ _ 3 _
”R3 ¢ (w, — ) dx| <Cl@|’ |w, - w||12/(3+2ﬁ) . (43)
Since w, — @ in L'(R*)(» € [2,2})), lim, _, [, (¢{,§nwn -
¢ D) (w, - D)dx = 0.

At last, combining Hoélder’s inequality with (HI) and
(H4), we can easily get

lim JRs (9(x,w,) —gxw)(w,-w)dx =0,

n—:oo

n—:oo

fim J (h(x0) |, | w, — h (x) @] D) (44)
R.’)

(w, - w)dx = 0.
Thus
o(1)=(I'(w,) - I'(®),w, - D)

= Bw" (wn - m) - B, (wn - m)
+ J V(x)w, (v, -0) -V (x)w(w, - w)dx
R3
o[ (9tw) - 95 D) (w, - D) dx
+A J h(x) (|wn|q_2 w, — 0|7 u)) (w, —w)dx (45)
R3
+ JRS (66 w, - ¢£D) (w, - D) dx
= Bw" (wn - m) - B, (wn - m)
+J V(x)w, (v, - 0) -V (x) 0 (w, - w)dx
RS

+o0(l),



that is,

“wn - I’U\HZ = Bw,, (wn - {U\) - Bw (wn - {D)

(46)

+ J V (x) (w, — @) dx — 0.
R3

O

Lemma 8. If hypotheses (V) and (HI)-(H4) hold, then I
satisfies (PS). condition for all ¢ € R.

Proof. By Definition 4, we just prove the following fact: if for
anyc € R, {wnj} C E, and w,, € Ynj,I(wnj) — c,Ilg, — 0,
"

asn; — 00, then {w,, } has a convergence subsequence. The
J

proof method is similar to Lemma 7. O

Lemma 9 (see [24]). For2 <v <2,k €N, set
B, (k) = sup {|wll, : w € Zy, |w]| = 1}, (47)
and then f3,(k) — 0, k — oo.

Theorem 10. If hypotheses (V) and (HI)-(H4) hold, then we
can find Ay > 0, such that system (SP) has multiple solutions
for every A < A,. Moreover, the corresponding energy values
tend to infinity.
Proof. According to Lemma 7, I satisfies (PS), condition. We
only need to prove that I satisfies (Al) and (A2). By virtue of
(H1),
C C
G (o w)l < = wl” + ?1 lwl”,  (xw)eR xR (48)

From Lemma 9, we can get

1 a2 |2 2 1
I@O—ELWOGA) w|+V(x)w)dx+Z
J (/)f}wzdx—J G(x,w)dx—&
R3 R3 q
| reterdes Sl -S| b dx
R3 2 2 R3

- — w|’ dx — MIA||h w|?> = |w 49
5 | | 2 " ”2/(2 q) " " ) " ” ( )

C C
_ 71/35 &) [wl? - ?IM,{’ lwll” = MIA Al —g)

1 C -
Al > ol |5 - ZH65 () - C, M i

-2
- Ml og Tl

Take a sufficiently large k such that pi(k) < 1/2C,.
Combining the above inequality, we obtain
I(w) 2w’
(50)

1 -2 -2
|3 - CME Il = MIA Wl o).
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Set
1 _ -
n(t) = i CMEEP™2 — MMl 772, £> 0. (5D)

Since 1 < g < 2 < p, there exists

1/(p-q)
o (PR DMIl g \ T
g Cle; (p-2) ’

such that max, g+ 7(t) = #(w,). Therefore, for every A <
Ao = (2-q)/AC, M} (p=a)*" ™ (C\(p-2)Mp /M3 (2~
CI)"hnz/(z_q)),

I(w) = win(wy) =u>0, with |w|| = w,. (53)

On the other hand, by conditions (HI) and (H2), there
exist positive constants C,, C; such that

Gxw) > C,w* - Cslwf*, (xw)eR xR, (54)

Since all the norms are equivalent in every finite linear
subspace U C E, then for w € U

I(w) = % JRS ('(_A)a/z w'z +V (x) wZ)dx

+ 1 J gbﬁwzdx - J G(x,w)dx
4 RS R3

A 4
[ ne (55)

1
<> lwl® + C lwll* - C, [wllf - Cs |wl;

A
q
- a ||w||Lq(R3,h) .

Forg < 2 < 4 < x, I(w) — —o00 as |w|| — oo. Then
there exists L = L(U) > 0 such that max, ¢ =1 [(w) < 0.
Thus, according to Proposition 5, the system (SP) has a list of
solutions {(w,, ¢,)} ¢ E x Dﬁ’z(lR3 ), and the corresponding
energy values tend to infinity. O

Theorem 11. If hypotheses (V) and (H1)-(H4) hold, then the
system (SP) has a sequence of negative energy solutions for all
A > 0, and the energy values tend to 0.

Proof. By Lemma 8, for all ¢ € R, I satisfies the (PS):
condition. It now remains to show that (C1)-(C3) are satisfied.
According to Lemma 9, for every v € [2,2}), B,(k) — 0, as
k — 0. Thus there exists k; > 0 such that 3,(k) < 1/1/2C,
for k > k,. For 4 < p < 27, there exists L € (0, 1) such that

Looi2s Siavmp e o
g Il Z?Mp lwl”, with Jw|<L.  (56)
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Hence, for w € Z; with ||w| < L, it follows that

1 o 2
I(w) = 3 JRS (|(—A) /2 w| +V(x) wz)dx
1 5 2
+—J ¢l w dx—J G (x,w)dx
4 Jre R3
A J h(x) |w|?dx
q Jr?
> St - [ eldx- S| el
2 2 R3 P R3
A J h(x) |w|?dx
q Jr?
(57)
1 C C
zin—j%wwW—ijwP
A J h(x) |lw|?dx
q Jr?
1 ,» G » »
2 5 Il - =M
A q q
T4 IAll2/a-g) By () lwl]
1 A
zwa—awhwm@wwwﬂ

For every k > ky, let rp, = ((8/@)Alhllyy g Bi(k)"?™P. By
Lemma 9, r;, — 0, as k — o0. Thus, there exists k, > k;,
such that for every k > kj, I(w) > 0, forw € Z; with |w|| = 7.

Secondly, since for every fixed k € N, the norms are
equivalent in Y, when k is sufficiently large, there exists a
small enough y; such that 0 < y, < r and I(w) < 0 for
w € Y, with [|w] = y,.

Finally, according to (C3), when k > k, for u € Z,, with
|lwl < ry, one has

A
MMZ—EMMwm@%WMW
X (58)
> —a 17112/ 2—q) Bl () ri.

Since f3,(k) — 0, r, — 0, as k — 00, therefore (C3) holds.
By Proposition 6, I has a list of solutions {(w,,¢,)} ¢ E x
DP?(R?) such that

% J (|(—A)0‘/2 wn'z +V(x) wi)dx

RS
o1 J PPwldx - J G (x,w,) dx (59)
4 Jre R?

- & J h(x) |wn|q dx — 0.
q Jr’
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