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Fractional derivative is nonlocal, which is more suitable to simulate physical phenomena and provides more accurate models of
physical systems such as earthquake vibration and polymers. The present study suggested a new numerical approach for the
fractional diffusion-wave equation (FDWE). The fractional-order derivative is in the Riemann-Liouville (R-L) sense. Discussed
the theoretical analysis of stability, consistency, and convergence. The numerical examples demonstrate that the method is more
workable and excellently holds the theoretical analysis, showing the scheme’s feasibility.

1. Introduction

Nowadays, fractional calculus gains attention because of
many applications in different sciences, such as physical
and chemical phenomena [1-13]. Therefore, many numeri-
cal methods are used for the fractional differential equations
[14-21]. The fractional diffusion-wave equations (FDWE)
have many applications, for example, continuous-time ran-
dom walks, unification of diffusion, and wave propagation
phenomenon [22, 23]. To find the solution of FDWE,
different researchers used different numerical methods; for
example, Hu and Zhanga [24] implemented a higher-order
difference approach on the system of the FDWE and proved
its stability, solvability, and convergence. Their numerical
solutions reported that the high-order difference method is
more efficient than the Crank-Nicolson method. Yang et al.
[25] first converted FDWE into the integrodifferential equa-
tion and then apply the fractional multisteps method to solve
the FDWE. They discretized the transform equation’s inte-

gration term and Lubich’s fractional multistep approach for
space derivative and central difference schemes, respectively.
Also, they show that the proposed method is convergent sta-
ble and solvable for y € (1,1.71832). Brunner et al. [26] con-
sidered the numerical simulation of the 2-D time FDWE.
They introduced artificial boundary conditions to transform
the problem into the initial boundary value problem (IBVP)
and produced a stable and convergence scheme using finite
difference approximation. Sweilam et al. [27] solved two-
sided space FDWE using a finite difference method. They
studied the consistency and stability of both explicit and
implicit methods. Also, they concluded that finite difference
methods are relatively easy to use and can apply to different
fractional differential equations easily. Later, Sweilam et al.
[28] solved FDWE with the help of a weighted average
finite difference method, which is an extension of the
weighted average for the ordinary DWE. The noninteger
order derivative is discretized using RL derivative and found
that the suggested approach is stable. Liu et al. [29] used the
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novel finite difference scheme to solve the IBVPs for the
FDWE. They reported that the proposed technique is uncon-
ditionally stable and convergent, having the order of conver-
gence O(7>7" + h*), where h and ¢ represent the time step and
mesh size, respectively. Dehghan and Abbaszadeh [30]
applied A finite difference method to solve one and 2-D
FDWE both space and tempered fractional forms. For
fractional space derivative, they used Riemann-Liouville’s
fractional derivative. They show using error estimate that
the suggested scheme is convergence and unconditionally
stable.

Sun and Wu [31] researched the fully discrete scheme to
solve the solution of the BVP of FDWE. They determined
that the proposed numerical approach is solvable, stable,
and L_, convergent with convergence order O(7>7 + h?)
using the energy method. Furthermore, Du et al. [32] con-
structed a higher-order approximation to find the solution
of FDWE with the order O(*"" + h?), where the fractional
derivative is approximated using Caputo fractional deriva-
tive. The numerical results show that the Caputo fractional
derivative gives convergence O(7*?), which can be many
apply to other fractional differential equations. Zhang et al.
[33] proposed two new schemes, namely, the Crank-
Nicolson (C-N), alternating direction implicit (ADI), and
compact ADI to get a solution of 2-D FDWE. The close
ADI scheme used the ADI approach for the time, and the rel-
ative difference technique is used for the spatial discretiza-
tions. Furthermore, they reported that the compact ADI
approach is solvable, unconditionally stable, and convergent.
The experiments confirmed that the ADI approach is com-
putationally efficient in terms of CPU timing compared to
the C-N ADI scheme for different values of y without affect-
ing the results. Huang et al. [34] used two approximations for
the initial-boundary value time FDWEs, which is based on its
integrodifferential equations. The proposed schemes were
convergent with first and second order in temporal and spa-
tial directions, respectively. Wei [35] used the semidiscrete
strategy with the help of the finite difference method and
fully implicit discrete scheme using the local Galerkin
method for space time-fractional order derivatives, respec-
tively, for the FDWE. The proposed approach results in a
fully discrete scheme, which is convergent and uncondition-
ally stable. Ali and Abdullah [36] formulated a numerical
scheme for the fractional-order wave equation. They pro-
vided numerical solutions for the feasibility of the proposed
scheme.

The above-cited literature means that fractional calculus
is still a novel topic and needs more efficient numerical
techniques to investigate the more feasible fractional differ-
ential equations (FDEs). This study is aimed at examining
the highly accurate and robust numerical approach for
fractional-order diffusion-wave equation. So far, the attempt
has not been made to discretize the R-L integral and imple-
ment in the Riemann-Liouville fractional order derivative
to approximate FDWE.

The remaining paper is organized as follows: Section 2
discussed the related preliminaries. Section 3 explains the
methodology of the proposed scheme. Section 4 discusses
the stability analysis. In Section 5, consistency and conver-
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gence are discussed. Section 6 provides numerical results,
and finally, the conclusion is presented in Section 7.
Here, we consider the FDWE as following [36]:

BZY(x, t) o BZY(x, t)
—z =D 1 <T> + F(x, 1), (1)
qe(1, 2], x€[0, L], te[0, T}, (2)

where the conditions are

Y(x,0) =v,(x), Y,(x,0) =v,(x), Y(0, ) =Y (L, ) =0, (3)

where F(x,t) is denoted the source term and D1 repre-
sented the R-L of order g lying between 1 and 2.

2. Preliminaries

The R-L fractional order derivative is defined as follows:

DX Y (x, t) = dth(Y(x’Z) dz= dzzﬂy( £, (4)

I'(q)dt* ), t—z)l‘q dt

Here, the R-L integral can be defined as:

1Y (x,t)= % L 7(:/_(92)?(1 dz. (5)

To approximate the Riemann-Liouville integral in
equation (5), following the approach in [37]:

tﬂ

.

Y (x,t) = (t,—2)T7"'Y(x,2)dz, (6)

using the Jumarie property [38] as

tYl

1
qI'(q) Jo
_ 1 n-l1 tk+l d q
e L), Yo 7)

Ik

Y(x,z)(dz),

1 n-l (s
= Yx,tn_ ZO dZ q)
g2 ">th (d2)

applying the Jumarie property fgzm(dz
n)IT(1+n+m))tm™",

=(TrQ+mr1+

T4
T T(1+q) ,;) Y(xt, ) ((k+1)T-

(k).

1+q Z

X,)/, n— k)

and C¥ = (k+1)7 = (k)1k=0,1,2, -, n— 1.
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Lemma 1. The q(0< q< 1) order R-L fractional integral of
Y(x,t) in [0, T| defined as:

4 n—1
Y (xt,) = = Y COY (1 9
0 (xz n) F(1+q)]§) k (xz nk) ()
Lemma 2. The coefficient C (k 0,1, --+) satisfies the below

properties [37]:

(i) C¥ =1,c9 >0,k=0,1,---.

)
(ii) C >qu,k L2,
(iii) Here, 3 the +ve constant C;>0. as 7 < CIC,@Tq
k=12, ---

(iv) Y1y CV79 = (n+ 1)1 < T

3. The Proposed Scheme

The IDS for FDWE is developed in this section. The
fractional order part is replaced by Lemma 1, and space
derivative is approximated by central difference approxima-
tion. The step for space is x; = iAx, and the step for time is
ty=kt, where 1<i<M-1, Ax=L/M and 0<k<N, 7=
T/N, respectively. Using equation (4) in (1) at grid point
Y(x;, t;), as follows

PY(xpty) _ d 07V (x; 1)
or? :ﬁlg Ax? + Rt (10)

Eliminating the second order time derivative by apply-
ing backward difference approximation w.r.t time and then
integrating from t; to t;,, and using trapezoidal rule for
source term, we obtained

1
Y _oyk g yEl = 218 (8§Y§f” —282Yk+ éfcyff‘l)
2
+ % (Ff‘“ + Ff‘)

(11)

substituting Lemma 1 in place of RL fractional integral
in equation (11), the simplified approximated difference
scheme is obtained for fractional diffusion-wave equation,
as follows

Yk _oyk 4 vkt
k k k k
=S (Yz++11 2Yi+1+Yi—+ll) S (Ym
i
+Sl Z( 1T )(Yiﬂj
i
- 3 (v
2

t (Ff.‘“ + Ff‘),

27k + Yff_l)
—2yM ij{)

GRS Ox | )

3
we know that Y,(x, 0) = v,(x), therefore
Y=Y +2t,(x), (13)
Y)=v(x;), Yg= Y5, =0, (14)
where S, =7/(I'(1+q)Ax?),i=1--M-1,k=0---N-1.

4. Stability

The Von Neumann technique is using to find the stability of
the suggested scheme. Let y* represent the exact solution for
equation (12), we get

ylk“ 2f 4y
(yf?f 2 ) =i (v - 240k
-1
k—j k—j k-
+S$ Z(Cﬁ?l A7) (vl - 27401 (15)
Jj=0

k-1
k- k=i k-
-$ Z(CJ@ - Cj@1) ()’i+1j -2y ]+}’i—1j)-

=1

The error is defined as EX=y*—Y*. And EF satisfies

equation (15) as follows:

EM! —2FF 4+ BN

k k k k k| ok
=S (Ez:f 2B + Eijll) N (Ez+1 2E; +Ei—1)
+S Z (C(q) C(q)) (E — 2B 4 B ‘J) (16)
1 j+1 j i+1 i-1
j=0

-, Z( C?)(EZ+1 2F! _]+El_{)

Consider the growth factor in the form of a one Fourier
mode as

Ek - Ake\/—‘lian, (17)

where o and Ax are the mode number and step size, respec-
tively. Equation (17) can be the solution of the above error
equation (16), as

Ak+le\/jtoAx _ Zlke\/jlmAx + Akfle\/jtoAx

_ Sl (/\k+1e\/jt+loAx _ 2Ak+le\/jloAx + /\k+1e\/jz—1oAx>

_ Sl (/\ke\/jiHJAx _ 2/\ke\/fli6Ax + Ake\/fli—lzfo)

+8, Z (¢h-¢")

. (Ak—]eﬁHloAx _ zlk—jeﬁioAx + /\k—jeﬁi—loAx)

S (@ _ @
-, (cj‘Z - cjﬁl)
=1

. ( AkigVATitlodx _ o yk=j vAioAx | k=i eﬁi-umx)

(18)



Dividing both sides by e'""4%, then replace e¥'°4* +
o~V lioAx — 5 _ 4Slsin2 (O’AX/Z), we obtained

k+1 _ 1
1 +48;sin%(0Ax/2)

A
: [(2 +48,sin? (?) ) AE = A1 48 sin? (%)

k-1 k-1
. < (Cjz)l _ C§"1)>)Lk*1 _ Z (CEQ) _ C;?)l>)tkj>‘| .
e e

J J=1

(19)

Proposition 3. Suppose /\k”, k=0,1,---,N — 1is the solution
of equation (19), then we need to prove that

I < |29 (20)

Proof. Let take k=0 in equation (19), to prove the proposi-
tion by induction method, as

. A%(2 +48;sin? (0 Ax/2)) = A
- 1 + 48, sin?(0Ax/2)

(21)

By utilizing equations (13) and (17), we get At =2and
putting in equation (21). After simplification, the above
equation becomes

1 A (2+48;sin’ (04x/2))

, 22
2 +48,sin?(0Ax/2) (22)
obtained the following relation

At <]A%. (23)

Let |A' | <]A°| holds for k=0,1, ---,n — 1.
Using equations (19) and (23) and Lemma 2, we have

1
 1+48S;sin?(0Ax/2)

A
| (asone (757) ) -
o [0Ax < (9) @D\ | yk-j
—48;sin - %(CjH—Cj )‘/\ ‘

j=

‘Ak+l

k—

eSS

J

1
<
T 1+48;sin?(0Ax/2)

: [(2 1 48,sin’ (%A’C)) A% = A7)
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k-1
5 (0Ax ) @Y\ [0
- 481511'1 (T) ( (Cj+1 - C] ) |A |

j=0
(@) )[40
_ Zl(c]q _cj?1>|/1 |)]
£

<
T 1+48S;sin?(0Ax/2)

Lo f0dx\ ., [(0Ax
|2 +48;sin 5 1 —4S§;sin -

(Se-c)- 3 (e

j=0 j=1

1
<
~ 1+48;sin?(0Ax/2)

: [1 +48,sin® (UTA’C) — 48, sin’ (GTA’C>
.((ng> _ C}(ﬂ) _ (ng> _ Ci‘?z))] 20

1
< -
T 1+48S;sin?(0Ax/2)

A A
: [1 +48, sin® (”) — 48, sin® (”)
2 2

(clth-cit)| e 21

From Lemma 2, the value 0 < C,(z)z - C,(z)l) <1, so it is
clear that the value

1 +48,sin? (0Ax/2) — 4S,sin? (0Ax/2) (c}f}z - c,@l)
<1

0<
1 +48;sin?(cAx/2)

>

’/\/k+1

<|A%).
(25)

Here, |A**!| <|A°|, also |[E*!| < |E?], so it can written as
|EF|, < ||EV||,. Tt shows that the suggested approach is
unconditionally stable.

5. Consistency

To find the consistency analysis, suppose w is the closed form
solution, and W is the approximated solution, and the func-
tion Y(W) =0 is the approximated scheme for the proposed
equation at the mesh point (x;,t,). Then, Y(W)=T*
denoted the local truncation error at (x;, ;).

Theorem 4. The local transcation error T(x,t) for the
suggested scheme is TX = O(A?) + O(Ax)’.
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Proof. The obtained difference scheme in equation (12), can
also be written as:

Th = Yk vk 4 yi!
k
k—ji+1 kejl kit
- Sl Z C§q>< 1+i1Jr 2 " U 1]* )
j=0
k-1 j 26
_ZZC;LI)(M 2uk1+u ) (26)
=0
k-2

using Taylor series, we obtained

ou
k+1 _
Ti - ( (At) at

k 242
+(At)au

c (AN Pu
2 ot

EETINTE)

k
4o
i

oulf (A Pul, (At du
k k
2“f< SR R TR T2l (ol I
k=j+1
_ ou i (Ax)2 *u
—S C j+1 A k j+1 ou
z ( )Bx ! 21 ox?|
(Ax)* *u k-j+1 k=il k-jtl oul<!
350 +e=2u; +u; —(Ax)a.
k=j1
(4" Py (A2 0
21 ox?| 31 0x3
1
ke (9) k Ju k (Ax)2 82u I
q j =
_Zsl,-zzocj w7+ (M) T gl
1
(A)C)3 a3u k— k—i k du k=j
v [ 2u; 7+ (Ax)a
fei
(@ Pule; (4003wl
2l ox2 | 31 0x3|
2 42, |kt
_ O I ou k—J 1, (Ax) Q
S, Zc ( + (M) o e
(Ax)? O u [jejmr kejel  kejel our
350 +e=2u; +u; —(Ax)a.
1
(Ax)2 o’u k=1 _ (Ax)3 u

20 o2 | 3 0x3

k-j-1
+... 5
i
+ .o
i

ke, (M%) 0w
! 12 ox*

K, (At )a4
it e

o’u
k
T = ((At)zatz

- ) 2 0%u
S C; Ax)" —
+ 1;) j ( ) axz

k—j+1
+oee
i

e, (4043t k'ﬂ...)

T |
k-j-1

S0 , Ou
-28 C: Ax)" —
lj:zo j ( x) axz

k=j-1 + (Ax)4 847“
! 12 ox*

5 0 ,Ou
-S C: Ax)" —
1 J:Zo j ( X) axz

TaBLE 1: The numerical results of the IDS for Example 6 at T = 1.0.

= (Ax)? q=0.25 q=0.5 q=0.75
1/16 1.9802 x 1072 1.9053 x 1072 1.8120 x 1072
1/64 5.0811x 1073 4.8647 x 107 4.6537 x 107
1/144 2.2611x 1073 3.1168 x 10~° 2.0756 x 107
1/256 1.1894 % 1073 1.1418 x 107° 1.1693 x 107

The above equation can also be written as

o’u (At)* 0*u
k+1 _ 212" k g
LE=A0N 5z it 12 3|
k 2 (ki k-1
SIZc‘fa” —2SIZC§‘”Q 7 (28)
Jj=0 i j=0
k-2 2 (ki1
() 01
+8, on ¢ =3 |
We obtained the following truncation error
T = 0(At)? + O(Ax)*. (29)

The IDS of fractional diffusion-wave equation is consis-
tent if space step Ax and time step At approaches zero; then,
truncation error approaches zero.

Theorem 5. The consistency and stability analysis are both
the necessary and the sufficient for convergence. By Lax-
equivalence theorem [33], the proposed scheme is convergent.

6. Numerical Results

Here, the FDWE examples reported to find the accuracy and
feasibility of the scheme. The numerical examples are coded
in Maple 15, i.e., the maximum error, is defined as follows:

En=  max |y(x,t;)—Y¥| (30)

0<i<M-1,0<k<N

The E, error is:

Mol , 12
E2=<A (y(xi,tk)—Yff]) (Ax)> . (31)

i=1
The convergence order is:

log (e,/¢,)

C—order:w.

(32)

Example 6. In equations (1)-(3), take the source term F(x, t)
= (I3 +q)/T(1+q))ex*(1—x)*t1 - (I'(3+q)/T(1 +2q))
et24(2 — 8x + x* + 6x> + x*) and the closed solution Y(x, t)
= e*x2(1 - x)* 19+,



TaBLE 2: The numerical results of the proposed scheme for Example
6at T=1.0.

7= (Ax) q=0.25 q=0.5 q=0.75

1/10 4.9799 x 107 4.8584 %107 4.6045% 1073
1/30 9.3870 x 10~ 8.3367 x 10~ 8.0913x107*
1/60 3.7440 x 107 3.1316 x 107 3.1540 x 107
1/90 2.0584 %1074 1.8973 x 107* 1.0265%x 1074
1/120 1.7578 x 107* 1.3173x 107* 9.7360 x 107>

TaBLE 3: Order of convergence of the IDS for Example 6 at ¢=0.5
,Ax=1/100, T = 1.0.

T E. C — order E, C — order
1/5 1.6672 x 107 — 1.3142 x 1072 —
1/10 45646 x 107 1.8791  3.1168x107°  2.0762
1/20 1.2792x107° 18543  7.7861x10™*  2.0012
1/40 4.0253x107* 17823  2.0522x107*  1.9239
For ¢=0.75
1/5  1.5879x 107> — 1.2531 x 1072 —
1/10  4.3893x 10  1.8652  2.9858x107°  2.0695
120 1.2362x107°  1.8282  8.5184x107*  1.8157
1/40  3.4073x10™*  1.8594  2.1507x10™*  1.9926
For g=0.95
1/5  1.4832x107* — 1.1722 x 107 —
1/10  4.2321x107°  1.8652  2.8672x107°  2.0695
120 1.2239x107°  1.8282  8.4446x107*  1.8157
1/40  3.4853x10™*  1.8183  2.3648x 10  1.8427

TaBLE 4: The numerical results of the proposed scheme for Example
7at T=1.0.

T= (Ax)2 q=0.5 q=0.75

1/16 1.6221 x 1072 3.0081 x 107>
1/64 4.3498 x 107 7.8153 x 107
1/144 1.9566 x 107 3.4826 x 107
1/324 8.6632 x 107 9.7248 x 107

Example 7. In equations (1)-(3) taking the source term
F(x,t) =e® (2 +q)/T(q))t1™" = (I'(2 + q)/T'(29))t*17!) and
the closed solution u(x, t) = e™)¢!*4.

7. Discussion

The numerical examples 5.1 and 5.2 are solved by the sug-
gested numerical scheme in equation (12). Tables 1-4 repre-
sent the performance of the numerical results. The accuracy
level increases as reducing the space and the time step; please
refer to Tables 1 and 2 for different and same space and time
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steps, respectively. In Table 3, fixed Ax = 1/100 and for vari-
ous values of 7 and g, and find the convergence order
completely demonstrates the analysis theoretically. Similarly,
Table 4 also shows the accuracy for the second test example
5.2, which converges to the exact solution to reduce the error
by reducing the step size. From the above discussion, it is
clear that the proposed scheme proved our theoretical
analysis.

8. Conclusion

A practical and fast numerical scheme has been developed for
FDWE. The approximation is based on the discretization of
Riemann-Liouville integral in Lemma 1. We have success-
fully proved the analysis theoretically of stability by mathe-
matical induction, consistency, and convergence. The
numerical result confirmed our theoretical analysis and dem-
onstrated that the proposed scheme is fast convergent and
more feasible. This approach can also apply to other types
of FDWEs.
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