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In this paper, we study the properties of n-polynomial {-preinvex functions and establish some integral inequalities of Hermite-
Hadamard type via this class of convex functions. Moreover, we discuss some special cases which provide a significant
complement to the integral estimations of preinvex functions. Applications of the obtained results to the inequalities for special

means are also considered.

1. Introduction and Preliminaries

The geometric inequalities involving volume, surface area,
mean width, etc. in the Orlicz space have attracted consider-
able attention of researchers, and the convexity properties of
functions have been a powerful tool for dealing with various
problems of convex geometry (see [1, 2]). This suggests that it
is a significant work to develop new inequalities for general-
ized convex functions. For this purpose, let us start with
recalling some concepts and notations on the convexity of
functions.
A set € C R is said to be convex if

(I1-t)x+tye®, (1)

for any x,y € € and t € [0, 1].
A function & : € — R is said to be convex if the inequality

F(1-t)x+ty) < (1-t)F(x) +tF(y) (2)

holds for any x, y € € and ¢ € [0, 1].

In recent years, the classical concept of convexity has been
extended and generalized in different directions. Mititelu [3]
introduced the notion of invex set, as follows.

Definition 1 [3]. Let & ¢ R be a nonempty set and # : R x
R — R be a real-valued function. A set  is said to be invex
with respect to 7 if

x+tmy,x) e, (3)

forall x,y € 2 and t € [0, 1].

The invexity would reduce to the classical convexity if
7(y, x) = y — x. Weir and Mond [4] defined the class of prein-
vex functions as follows.

Definition 2 [4]. Let &’ CR be a nonempty invex set with
respect to 7 : Rx R+ R. A function & : X — R is said to
be preinvex with respect to # if the inequality

Flormp ) <(1-0F@) +1F0) (@)

holds for all x,y € 2 and ¢ € [0, 1].
As a generalization of convex functions, Gordji et al. [5]
introduced the notion of {-convex function.

Definition 3 [5]. A function ¥ : ¥ cR+— R is said to be
{-convex function with respect to {: RxR+— R if the
inequality
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Ftx+ (1=1)y) < F(y) + 10(F(x), (7)) ()
holds for all x,y € ¥ and t € [0, 1].

The properties of convexity have numerous applications
in different fields of pure and applied mathematics; espe-
cially, the concept of convexity has close relation with the
theory of inequalities. Many inequalities are direct conse-
quences of the applications of classical convexity. As is
known to us, the Hermite-Hadamard inequality is one of
the most significant result associated with convex functions,
it reads as follows.

Let F : [a, b] C R — R be a convex function, then

9(“?’) < biarg(x)dxs w (6)

a

Noor [6] obtained a generalization of classical Hermite-
Hadamard’s inequality using the class of preinvex functions,
as follows.

Let & : [a,a+n(b, a)] — R be a preinvex function, then

S(2atnba) _ 1 e o F(a)+ F(b)
() [ 750

a

(7)

The result of Noor has inspired a lot of investigators to
deal with new generalizations and refinements of Hermite-
Hadamard’s inequality via preinvexity. For example, Barani
et al. [7] obtained the generalizations of Hermite-
Hadamard’s inequality for functions whose derivative abso-
lute values are preinvex. Du et al. [8] and Noor et al. [9]
obtained several generalizations of Hermite-Hadamard’s
inequality via (s, m)-preinvex functions and h-preinvex func-
tions, respectively. Park [10, 11] derived several variations of
Hermite-Hadamard’s inequality from differentiable preinvex
functions. Sarikaya et al. [12] and Wu et al. [13] established
the Hermite-Hadamard-like type inequalities via log-prein-
vex functions and harmonically (p, h, m)-preinvex functions,
respectively. Wang and Liu [14] and Li [15] obtained differ-
ent refinements of Hermite-Hadamard’s inequality using s
-preinvex functions. Deng et al. [16, 17] and Wu et al. [18]
deduced some quantum Hermite-Hadamard-type inequal-
ities by using generalized (s,m)-preinvex functions and
strongly preinvex functions, respectively.

Recently, Toplu et al. [19] proposed the concept of n
-polynomial convex functions and investigated their
properties.

In this paper, we shall introduce a new class of n-poly-
nomial convex functions based on a different form of
inequality in the definition compared with [19], which is con-
venient to the generalizations and applications of #n-polyno-
mial convexity. More specifically, we will define a class of
convex functions called as n-polynomial {-preinvex func-
tions. We then show that this class of convex functions con-
tains a number of other classes of convex functions.
Furthermore, we establish some new integral inequalities of
Hermite-Hadamard type for n-polynomial {-preinvex func-
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tions. Finally, we apply the obtained inequalities to establish
two inequalities for special means.

Firstly, we introduce the notion of #n-polynomial {-pre-
invex functions.

Definition 4. Let n € N. A nonnegative function & : ' — R

is said to be n-polynomial {-preinvex with respect to bifunc-
tions 7, { : R x R — R if the inequality

Fla+tn(b,a)) <F(a) + 1-(1-t)|{(F(b), F(a))

(8)

E
1=

s=1

holds for all a, b€ £ and t € [0, 1].

Note that if we take #n = 1, then we have 1-polynomial {
-preinvexity, which is just the {-preinvex functions defined
by the inequality

F(a+tn(b,a)) < F(a) +t{(F(b), F(a)), Va,beI,te|0,1].

)
If we take {(F(b), F(a)) = F(b) — F(a), then we obtain

the class of n-polynomial preinvex functions, which is
defined by the inequality

Fla+tn(b,a)) < (1-1t)°'F(a)

M=

[1-(1-t))F(b), Yabed, te0,1].

(10)

If we take #(b,a) =b—a, then we get the class of n
-polynomial {-convex functions, which is defined by the
inequality

S|~
i
21~ M=

P
I
—_

F(a+t(b—a)) < F(a) + ;le — (1= t)*|{(F(b), F(a)),

Va,be X, te|0,1].
(11)

If we take n =1 in inequality (11), then we have the class
of {-convex functions. Furthermore, we obtain the classical
convex functions by setting {(F(b), F(a)) = F(b) — F(a).

If we take n = 2 in Definition 4, then we have the class of 2
-polynomial {-preinvex functions, which is defined by the
following inequality:

3t—1*

F(a+tn(b,a)) < F(a) + {(F(b), F(a)), VYabel, te[o,1).

(12)

Note that 0 < t < 3t — t2/2, this shows that, for every non-
negative bifunction (, the {-preinvex function is also the 2
-polynomial {-preinvex functions. More generally, we have
the following result.
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Proposition 5. For every nonnegative bifunction { and n > 2,
if F: R is a (n—1)-polynomial {-preinvex function,
then F is a n-polynomial {-preinvex function.

To verify the validity of Proposition 5, it is enough to show
that

-(-r  (13)

1
~
I
—
~
|
=
._‘."
:I~
M=

“
Il
—
“
Il
—

foranyn>2andte€|0, 1.
Direct computation gives

1 n-1 1n
1- I—t — l—t
n_15:1[ nSZZI
1=\ [1-(-t" 1-(1-1)"!
- t n n-—1

[(1-t)" +nt(1-1)"" - 1]

I n(n—1)

[(1-t)" +nt(1-1)"" -

(1-1t)+ t)”]

n(n—1)
- (1 - t) lcﬁtz(l — )" 2+ OB 1) kOl
t n(n-1)
<0,
(14)

which implies the required inequality (13).
As a consequence, we obtain the following.

Proposition 6. For every nonnegative bifunction {, if ¥ : I
— R is a {-preinvex function, then F is a n-polynomial
-preinvex function.

Choosing {(F(b), F(a)) =
gives the following.

F(b) — F(a) in Proposition 6

Proposition 7. If & : [a,a + n(b, a)] > R is a preinvex func-

tion with F(b) — F(a) > 0, then F is a n-polynomial preinvex
function.
2. Main Results

In this section, we establish some new Hermite-Hadamard-
type inequalities using the class of n-polynomial {-preinvex
functions. We first need to introduce the notation called
Condition C, which was presented by Mohan and Neogy in
[20].

Condition C. Let &’ CR be an invex set with respect to
bifunction #(.,.), we say that the bifunction #(.,.) satisfies
the Condition C, if for any x, y € 2 and ¢ € [0, 1], we have

n(xx +t(y, x)) = -tn(y, x),

(15)
N> x + 1ty x)) = (L= t)n(y x).

Note that for any x,y € X, t,, t, €
tion C, we can deduce

[0, 1] and from Condi-

N+ 60,2, x + 1 (%)) = (B = t)n(> %) (16)

Throughout the paper we assume that Condition C is sat-
isfied for the domain with respect to bifunction #(.,.) as a
precondition.

Theorem 8. Let & : [a,a +#(b, a)] = R be a n-polynomial {
-preinvex function. If n(b,a) >0 and F € L[a,a+n(b,a)),
then we have

2 b’ 2n_ ] 1 a+n(b,a)
97< a+;;( a)) _nt M, < J F(x)dx
n

—_{(F(b), F(a)),

S+

S|~
M=

I
—

< F(a) +
(17)

where M is the upper bound of bifunction (.

Proof. Using the definition of n-polynomial {-preinvex func-
tion and Condition C, we have

g<2u++(b,a)) :97<u+ (1-tn(b,a)+ %(t— (1=1))n(b, a))
:9<a+ (1-t)n(b,a)+ %q(a+ tn(b,a),a

+ (L= 01(b.0)) < Fla+ (1= 01(5.0)
. %Zl <1 - G)) {(F(a+tn(ba)),

Fla+(1-t)n(b,a))) <F(a+ (1-t)n(b,a))

n+27"-1
+ 7M{.
n
(18)
Hence, we obtain
2 N 27" -1
9(a+(1—t)q(b,a))zg< ‘”Z(b “)) - M.
n
(19)

Integrating both sides of the above inequality with
respect to t on [0, 1], it follows that

Jlg(cw (1-t)n(b, a))dtgfﬁ<2a+ Z(h’ a)) Cneao

0



that is,

a+r(b,a)
;J F(x)dx>F 2a+n(b.a))
n(b; a) 2

n+2™"-1

The left-hand side inequality of (17) is proved.
On the other hand, from the definition of #-polynomial {
-preinvex function, one has

n

Fa+ tn(b,a)) < F(a) + =y (1~ (1~ 1 }(F(b), F(a)).

s=1

(22)

Integrating both sides of the above inequality with
respect to ¢ on [0, 1], we obtain

a+1(b,a) 1
q(bl, a)J F(x)dx = Lfi(a+t;1(b a))dt

a

(23)

This proves the right-hand side inequality of (17). The
proof of Theorem 8 is complete.

Before we put forward another kind of integral inequality
of Hermite-Hadamard type, we need to prove an auxiliary
result, which will play a key role in deducing subsequent
results. For the sake of simplicity, we let .7 = [a,a + (b, a)]
and let .7° be the interior of .7.

Lemma 9. Let # : .7 — R be a differentiable function on J°
with 7(b,a) > 0, min {A, u} >t > 0. If ' € L[.7], then

uF@a)+AFa+nb,a) 1 a+n(ba)
Atu J

—t
”ﬂ(b, a)) dt (24)

Proof. Let
¢ -
I= n(b.a) J(—t)?i' av B0 t11
A+’ Lo Aty

A
ut+t
‘971
+J0t <a+—A+”n

(25)
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Integrating by parts yields

(A+w)” Lo
Y g - [ Far P ) a6
—m uF(a) L a 1 n(b, a) (26)
a+-n(b,a)
u 1 Aw(
= F —_ g d .
T ), ()
Similarly,
L= saeneay- ™" s
)= a+r] a J xX)ax
1(bsa) ) urnem) (ba)
(27)

Substituting the formulations of I; and I, in (25) leads
to the desired identity (24). The proof of Lemma 9 is
complete.

We shall now give some estimations of bounds for
Hermite-Hadamard-type inequalities.

Theorem 10. Let  : ¥ — R be a differentiable function on
I withn(b,a) >0, 1> 0, u> 0, andlet F' € L[.7). If | F" | is
n-polynomial {-preinvex function, then

uF(@)+ AF(a+n(ba)) 1 (e
‘ /\+‘u ?](b,a) ju J‘(X)dx
Tl(b,ll) A +‘L£ 1
T +pl| 2 |+;S=ZIK1C( ||9()|)
e ZKC( B @1,
(28)
where
Ko A - (L) A
1 2 (S+1)(S+2)</\+‘M>s > (29)
AZ /\s+2
Ky=5- (s+1)(s+2)(A+p)

Proof. Using Lemma 9 and the assumption that |#' | is n
-polynomial {-preinvex function, we have
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|pF(a)+ A F(atnb.a) 1 ) J " ey

dr+ JA < g a>) M

| A+p n(b,a) )
o [ fant$ (-(-252) ) ww)}

IN

B[ )

+'I3t{\9,(u)|+%si (1 - (1 - g:;) )((L{?’(b)l,l?'(a) I)}dt}
:%Tgt"@( 'd” ( (::;)) b)||9(a)|)

A 1
+J r|9’(a>|dr+
0

< (i53) )l @
- o Pt i S (l-<::’>s>

-G e oyl

||9()|>dt

(30)
which implies the desired inequality (28) since

~ M(S+2)(A+‘M)S+l _(A+M)s+2+/\s+2
(s+1)(s+2)(A+p)

Jzt(l_ (%)S)dtz %2 "ot 1)(:;2)@“,)5 -K,.
61)

This completes the proof of Theorem 10.
Next, we discuss some special cases of Theorem 10.

(I) If we consider A = =1 in Theorem 10, then we have

F(a)+ F(a+n(b,a)) )
I 2 ~n(ba) J Flx)dx
) [ o 1S 2(s+1)(s+2) —2(1+27s)
< 4 |=/’ (ﬂ)l‘*‘—szzl 25+1(S+ 1)(S+2)
! Z! I 2°(s+1)(s+2) =2,/ !
(o @)y FE e (7 o (a)|)}
(32)

(IT) If we take (b, a) = b — a in Theorem 10, then we get

A b
‘yff(a) LU J Py

A+p
b—a M+ 1¢ ! /
= rny [T | F <f1)|+;S:Z1 KI((IJ (b)L|F (a)|)

+ %;ch(ﬁ’(b) F'(a

(33)

5
(IT) If we choose ((|F (b)|F'(a)])=|F'(b) |- | F'
(a)| in Theorem 10, then we obtain
uF(a)+ A F(a+n(b,a)) 1 (oriba)
‘ Xru “awal, T
(b ﬂ) A +}4 If?( )| i(K +K)(|f¥,(h)|—|9:l(u)|>
Srw| 2 = '
(34)

Theorem 11. Let F : ¥ — R be a differentiable function on
I° with n(b,a) >0, A> 0, u>0, and let F' € L[.7), (1/p) +
(1ig)=1, p>1,q>1. If |F'|" is n-polynomial {-preinvex
function, then

|4 F(a)+AF(a+n(ba) 1 a+ii(b.a) F(x)dx
| At (b, a) J 2

b prin 1p ) 1 ) , 1iq
< o | (15) " (W orr 1S (o i)

pradl 1p , 4 1 , . . . 1igq
+(P+1) (A\g (a) +;; 19((}37 ®)|%|# (@) )> }

(35)
where
(/\-f- ”)S+1 —ASH
K3=#_4 >
s+ DA +p)
G+ D) )
/\s+1
K4_)‘_(s+1)(A+M)S'

Proof. Using Lemma 9, Holder’s inequality, and the fact that
|Z'|" is n-polynomial {-preinvex function, it follows that

pF@) +A Fa+nb.a) 1 Jwg)%)dx

| Atu b

o
oot
()" (e )
)" (B
e ) (o330 Gia) e
(17w |9’<a>\q))dt> +<f+1> ! ([ (1w
(- (55) JiF o= @l )) w]
- L2 [(P%) ! (ulg’w)(q Y (COT I%’(a>lq))”q

AP+l Up AR B 1/q
+<p+1> <A\g(a)| +;;K4C<}9(b)‘,|97(a)‘>> }

(37)

q g
dt)
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where Theorem 12. Let & : ¥ — R be a differentiable function on
. . I° with n(b,a) >0, A>0, u>0, and let F' € L[.7], q= 1. If
S S+ S+
K= J# (1 - (_/\ Al t) >dt R U O s _ |F' |1 is n-polynomial {-preinvex function, then
0 A+u (s+1)(A+p)
A A, —t s AH—I
K,= 1-(——) |dt=A- —————. |uF(a)+ A F(a+nba) 1 (o)
! JO( <A+M> > (S+ 1)(A+/’l)$ | Atp N r](b,u),[a Fx)dx
(38) n(b,a) (o 13 o il (o "
The proof of Theorem 11 is complete. 2\ 7y Lo 11q
) e g
We now discuss some special cases of Theorem 11. o
(42)
(I) If we choose A =y =1 in Theorem 11, then
‘9(")+9(“+’1(b, a) 1 r“ﬂb‘a) F(x)dx where K, and K, are the expressions as described in
2 n(bsa) J, Theorem 10.
< (b, a) |c~f q+li 2(s+1) (25*1_1)
4(p+1)'° n& 25(s+1) .
g 641) Proof. Note that |#'|" is n-polynomial {-preinvex function,
) N TP o, Iy 2ls+1) -1 by using the power mean inequality, we have
(7 o0 # @)} +{|w @13 X
1/q
.((,9’(1;) 1 9;’(a)|‘1)} }

|4 F(a) +AF(a+nba) 1 J’”’?(l’“)
! At u n(b a)

F(x)dx

(39) < (Z(i’:))z :'[:I—tl < A’?(b a) | |dt
+ Jz [t] | <a + %ﬂq(b, a)> M
(IT) If we take #(b, a) = b — a in Theorem 11, then S % :(J:l—f | dt> 1-(1/g) <[:t o <a+ ;:;;n(b,@) th> g
‘ug(a)z :ig(b) ) ﬁ r’ S +<j: |t|dt>17(”q> (Jzt 7 <a+ i‘jq(h a)> th) UT
< f;:)z [(;‘il)/P <u}:’7'(a){" . z k(|7 ) (g’(a)r’)) : (A(i :)) o < () "t + "l J':t(l - (j%;))f

1 1/p n 1/q 1-(1/q)
(;P1> (W’(aﬂﬂ,ﬁZK4c(|9’<h>|‘i|g’<a>q)> } (17" @) |7 @)]")d ) <>

(40) < {5 (a) qd”;sn ( (Aw))
(7ol 7 @) ) }

an 1f we put (F ) |F ()

! q
= |‘/ (b)| - n(b.a) [ [ 1-(1/q 2 i 1/q
|%'(a)|" in Theorem 11, then ey {<2> < | (a ;ZKI(OE ) |F (a)] ))
¥ 1-(1/q) v, Lo ’ ’ 1q
|//l F(a)+AF(a+n(b,a) atn(ba) +<2> <2|‘Gi (“)‘q+ZZK2(<|g (b)|q’|g (“)q)> :
| Trp - J F(x)dx s=1
b Pl 1/p n , (43)
Sy
1 LN Up "
+ 72 K| 7' ( )q> q+</\P 1) <<,\_ lz K4> |7 (@) Here, K, and K, are formulated as that of Theorem 10.
= p+l = This completes the proof of Theorem 12.
1/q
IS g
+;S; K4|"' (b)‘ > ]

We now discuss some special cases of Theorem 12.

(I) Choosing A =y =1 in Theorem 12, we get
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F(a)+ F(a+n(b,a)) 1 atn(ba) _
e[ s

aba) [(1F @] 18 [(s+1)(s+2)2 =252\, 7, _, o 1
< S [(f ) (W>((V @)% @]")

(\g’(b)\q,|g’(a)|q)> q]

|F' (a |" (s+1)(s+2)2° —
+< 2 le (s+1)(s+2)25!

(44)

(I) Choosing #(b,a) =b —a in Theorem 12, we have

n 1/q
T 32 &¢(17 o) \%’w)\q))
1/q
Z KL (|7 )" |f7’<a>|q)) }

(45)

(I1I) Taking {(|F' (b)|", | (a)|") = |F' (b)|" -
in Theorem 12, we obtain

7' (a)"

uF(a) + A F(a+n(b,a)) 1 (ernea)
P L e
n(b, a)

’iz 1-(1/q) e B lzn:
2 2 nH

! q
(s Kl) -
n 1/q 2 1-(1/q) 2 n
+%g KI%'(b)}q> +<%> ((’\7—%2 K2>|9'(a)|q

(46)

Theorem 13. Let ¥ : ¥ — R be a differentiable function on
I° with n(b.a)A >0, A>0, u>0, and let F' € L[.7), 1ip + 1

Iq=1, p>1,q> L If |F'|" is n-polynomial {-preinvex func-
tion, then

uF(a)+ A F(a+n(b,a)) 1 [eba)
B T R

Wb [T @ NP e
= vy [ﬁ{(wmma) ( [ @[+ 5 2 KL (17 @) | <“>V)>
w2\ 1Ip [ 2 n 11q
+<;iz> (’%\g'@l“é;Ks<(}9’<b>}”>|9’<a)\‘i)> }
pe2 p 2 n 11
(o) = (Ferors i aa(eorin)

A2 p 2 , n , . , liq
+<p+2) (7|?(a)‘qu%;KgC(‘g(h)",‘g(a)|q)> }],

(47)

where
O S
T2 (s+2)(A+p)”
K - [iz B #5+2
T2 (s+D)(s+2)A+p)
Koo Ao+ A =2 = As + 2) !
772 (s+D(s+2)A+p)°
e X )T - A+ ) (A + )
572 (s+1)(s+2)(A+p) '
(48)

Proof. Note that |%'|? is n-polynomial {-preinvex function,
by using the refined Holder inequality (see [19]), we
obtain

|4 F(a)+A Fla+nba) 1 J'“*'l(b'“)
} Atp b)),

U < A;1(19 a)) dt+J
o o
o ([peear)” ([ (o o)
x{ (A= o)t W(I(A*t) (o ha
([ o o)) )] <
B @,J‘P{;z W(ﬁ”*”(‘w“)“*ii
(G o onal ()"
(Hlree50 Gmnac))
() (fer-250- ()
(O @) )™ + (ﬁiz) “q
J/\ Og @[+ Z( (ﬁ:ﬂ))(g {‘{|%’(a)‘q>>dt>”q}]
(A(b:)) {1 {((p+;14§(+;+2>> P(f‘;w’(a);‘u%gxsc(}g’(bﬂq,\g’(a)V))”q
(2 2)”(" '@ %ini(\%’(b)lq,!ff’(a)lq))w}

1 plas v "
() < G CEIR)
()" (o destorion) |

< ba)
B (/\ * #)2

F(x)dx

(

o
o))

?

" ))’ dt)

(49)

A direct computation gives

0o (5 o



|

(%))dt 5 <s+1><slf+zz><k+m“
o)

N (@A) - A+ 2t
(s+1)(s+2)(A+p)

p+t\*
(57) )
A (AT - As+ 2) (A )
(s+1)(s+2)(A+p) '

>

(50)

This completes the proof of Theorem 13.
Let us now discuss some special cases of Theorem 13.

(I) If we take A = =1 in Theorem 13, we get

Fa)+ Fa+nba)) 1
2 T nba) ),

Up
3"4 [((P+1)p+2>
q 1 1 o "
Z; 2 (s+2 )((|g )% |F ()] ))
il S g
+<L+ Z (% ﬁ) (‘g |q,‘97,(u){q)> }
9

1
1 ’(u)|" 1 2% -5-3
<p+ 2

P n s+1
+(\J(a)l *12 <;+ + 525
n= \2 s+1)(s+2)2

a+1(b,a)
[ F(x)dx

)(I% \q>|9’<a)\q)>w}1.

(51)

(1) If we put #(b, a) = b — a in Theorem 13, then

uF(a)+ A F(b 1o
7(;+‘M ()_T—aj F(x)dx

#p+2

e B{ ((P+1)(p+2)>w <M72‘g’<“>’q* a5 (o lg/(a)‘q»
()" (S xsterorin) )
(i) (3o xsteonszen)
(k) et s satonan)

1/q

1q

(52)

(D) If we choose ((|F (b)|%,|F (a)|")=|F (b)|"-
|%' (a)|" in Theorem 13, then

_ 1/q
G-crmeram)(7or WW))
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|uF (@) +AF(a+nyba) 1 “*”(b'“)g i
| A+ p n(b,a) J i

n(b,a) |1 s 1p R o
< (/\+[4)2 p{((p+1)(p+2)> ((7_;; K5>|J' (a)|
n 1/q9 ! 5 ;
o) () (5 e)rer
1& P2 lp
+;Z K |q> } {<(P+1>(p+2)>
AZ 1 / 1/q
(( ;Z ) Z K;|F'(b )

P2 n g
+Qn)(@@kﬁf@“nzw¢@ﬁ fl

(53)
3. Application to Special Means

Let us recall the definitions of the arithmetic mean, weighted
arithmetic mean, and the mean for functions, as follows:

(1) The arithmetic mean

a, + a,+--++a,

d(ay,a,, -, a,)= (54)

n

(2) The weighted arithmetic mean

D6y + pyar+---tp,a,

A,y Ay 315 Pas 5 Py) =
(a> a PrsPys o5 D) Pt Pyt D,
(55)
(3) The mean of the function @ on [a, )
1 b
A y(a,b) = - aJ D(x)dx (56)

We establish the following inequalities for special means.

Proposition 14. Let @ : [a,a+14(b,a)] > R be a preinvex
function with ®(b) — ®(a) = 0. If §(b,a) >0 and ® € L[a,a
+7(b, a)], then we have the following inequality

Ay (a,a+n(b,a)) <O(a) + (P(b) - D(a)) L C i ﬁ)

(57)

Proof. Taking F(x) = ®(x),x € [a,a+n(b,a)] and {(F(b),
F(a)) = F(b) — F(a). Since @(x) is a preinvex function with
@(b) - O(a) >0, we deduce from Proposition 7 that O(x) is a
n-polynomial preinvex function. Using Theorem 8, we
obtain the desired inequality (57).
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Proposition 15. Let O be a differentiable function, and let
|@'|: [a,a+#(b,a)] — R be a preinvex function with |®' (b) |
—| @' (a) | 20. If y(b,a) >0, A> 0, u>0, and |®' | €L[a, a +
#(b, a)], then we have the following inequality

| (P(a), P(a+n(ba)); i, A) = dog(aa+n(b,a))|

M=

A (K Ky) |

1(b, a) / 2 2 2 l i
T @' (a) | (A2, 4%) + ;(|q> )] - |@ (u)})s

I/
—

(58)

where K, and K, are the expressions as that described in
Theorem 10.

Proof. Choosing F(x) = ®(x),x € [a,a+ (b, a)] and {(F(b
), F(a)) = F(b) — F(a). Since |®'(x)| is a preinvex func-
tion with |®'(b) | - | @ (a) | 20, it follows from Proposition
7 that |®'(x) | is a n-polynomial preinvex function. Using
Theorem 10 leads to the desired inequality (58).
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