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The optimal state sequence of a generalized High-Order Hidden Markov Model (HHMM) is tracked from a given observational
sequence using the classical Viterbi algorithm. This classical algorithm is based on maximum likelihood criterion. We introduce
an entropy-based Viterbi algorithm for tracking the optimal state sequence of a HHMM. The entropy of a state sequence is a
useful quantity, providing a measure of the uncertainty of a HHMM. There will be no uncertainty if there is only one possible
optimal state sequence for HHMM. This entropy-based decoding algorithm can be formulated in an extended or a reduction
approach. We extend the entropy-based algorithm for computing the optimal state sequence that was developed from a first-order
to a generalized HHMM with a single observational sequence. This extended algorithm performs the computation exponentially
with respect to the order of HMM. The computational complexity of this extended algorithm is due to the growth of the model
parameters. We introduce an efficient entropy-based decoding algorithm that used reduction approach, namely, entropy-based
order-transformation forward algorithm (EOTFA) to compute the optimal state sequence of any generalized HHMM. This EOTFA
algorithm involves a transformation of a generalized high-order HMM into an equivalent first-order HMM and an entropy-based
decoding algorithm is developed based on the equivalent first-order HMM. This algorithm performs the computation based on
the observational sequence and it requires O(T'N?) calculations, where N is the number of states in an equivalent first-order model

and T is the length of observational sequence.

1. Introduction

State sequence for the Hidden Markov Model (HMM) is
invisible but we can track the most likelihood state sequence
based on the model parameter and a given observational
sequence. The restored state has many applications especially
when the hidden state sequence has meaningful interpre-
tations for making predictions. For example, Ciriza et al.
[1] have determined the optimal printing rate based on the
HMM model parameter and an optimal time-out based on
the restored states. The classical Viterbi algorithm is the most
common technique for tracking state sequence from a given
observational sequence [2]. However, it does not measure
the uncertainty present in the solution. Proakis and Salehi
[3] proposed a method for measuring the error of a single
state but this method is unable to measure the error of

the entire state sequence. Hernando et al. [4] proposed a
method of using entropy for measuring the uncertainty of the
state sequence of a first-order HMM tracked from a single
observational sequence with a length of T. The method is
based on the forward recursion algorithm integrated with
entropy for computing the optimal state sequence. Mann and
McCallum [5] developed an algorithm for computing the
subsequent constrained entropy of HMM which is similar
to the probabilistic model conditional random fields (CRF).
Ilic [6] developed an algorithm based on forward-backward
recursion over the entropy semiring, namely, the Entropy
Semiring Forward-Backward (ESRFB) algorithm for a first-
order HMM with a single observational sequence. ESRFB
has lower memory requirement as compared with Mann and
McCallum’s algorithm for subsequent constrained entropy
computation.
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This paper is organized as follows. In Section 2, we
define the generalized HHMM and present the extended
entropy-based algorithm for computing the optimal state
sequence developed by Hernando et al. [4] from a first-order
to a generalized HHMM. In Section 3, we first review the
high-order transformation algorithm proposed by Hadar and
Messer [7] and then we introduce EOTFA, an entropy-based
order-transformation forward algorithm for computing the
optimal state sequence for any generalized HHMM. We
discuss future research in Section 4 on entropy associated
with state sequence of a generalized high-order HMM.

2. Entropy-Based Decoding Algorithm with
an Extended Approach

The uncertainty appearing in a HHMM can be quantified
by entropy. This concept is applied for quantifying the
uncertainty of the state sequence tracked from a single
observational sequence and model parameters. The entropy
of the state sequence equals 0 if there is only one possible state
sequence that could have generated the observation sequence
as there is no uncertainty in the solution. The higher this
entropy the higher the uncertainty involved in tracking the
hidden state sequence. We extend the entropy-based Viterbi
algorithm developed by Hernando et al. [4] for computing
the optimal state sequence from a first-order HMM to a high-
order HMM, that is, kth-order, where k > 2. The state entropy
in HHHM is computed recursively for the reason of reducing
the computational complexity from O(N*T) which used
direct evaluation method to O(TN**!) in a HHMM where
N is the number of states, T' is the length of observational
sequence, and k is the order of the Hidden Markov Model. In
terms of memory space, the entropy-based Viterbi algorithm
is more eflicient which requires O(N**1) as compared to
the classical Viterbi algorithm which requires O(TN**!). The
memory space for the classical Viterbi algorithm is dependent
on the length of the observational sequence due to the
involvement of the process of “back tracking” in computing
the optimal state sequence.

Before introducing the extended entropy-based Viterbi
algorithm, we define a generalized high-order HMM, that is,
kth-order HMM, where k > 2. These are followed by the
definition of forward and backward probability variables for
a generalized high-order HMM. These variables are required
for computing the optimal state sequence in our decoding
algorithm.

2.1. Elements of HHMM. HHMM involves two stochastic
processes, namely, hidden state process and observation
process. The hidden state process cannot be directly observed.
However, it can be observed through the observation process.
The observational sequence is generated by the observation
process incorporated with the hidden state process. For a
discrete HHMM, it must satisfy the following conditions.

The hidden state process {q,}!_, , is the kth-order Markov
chain that satisfies

P(q Hahe) = P(a Hate) (1)
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where g, denotes the hidden state at time t and g, € S, where
S is the finite set of hidden states.

The observation process {o,}., is incorporated with
the hidden state process according to the state probability
distribution that satisfies

P(ot I {ol}kt ’{ql}lst) = P(ot I {ql}lt:t—kﬂ)’ )

where o, denotes the observation at time t and o, € V, where
V is the finite set of observation symbols.
The elements for the kth-order discrete HMM are as
follows:
(i) Number of distinct hidden states, N
(ii) Number of distinct observed symbols, M
(iii) Length of observational sequence, T
(iv) Observational sequence, O = {o,, t = 1,2,...,T}
(v) Hidden state sequence, Q = {g,, t =2-k,..., T}

(vi) Possible values for each state, S = {s;, i =1,2,...,N}

(vii) Possible symbols per observation, V. = {v,, w =
1,2,..., M}
(viii) Initial ~ hidden state probability  vector,
T

T 5 T, - - iy

where 7; is the probability that model will transit
from state s; ,

T, :P<‘Z1 :Sil)’

Znil=l, 3)
m 20, 1<i; <N
1

m; ;, is the probability that model will transit from
state s; and states; ,

T, = P(‘Jo =Sipdi = 51‘2):

N
Z ﬂiliz =1

(4)

w20, 1<i,i, <N,

i),

7; ..;, is the probability that model will transit from

state s; , state s; ,.. ., and state Sis

7Til"'ik =P (qz_k = Sil’q?’—k = Siz’ e = Sik) >

Z Thywiy, = L (5)

Mgy 200 1< ipip..nig <N

iy
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(ix) State transition probability matrix, A, = {a; ;
{ai1i2i3}’ 2 Ak = {ailiz'“ikﬂ }’
where A;_; is the j-dimensional state transition
probability matrix and By iy i > 19 the probability of a

})Az =

transition to state s; given that it has had a transition
from state s; to states; to--- and to state S, where
j=2,..,k+1,

iy (% =S [ g1 = Sijpde-2 = Sij o> i-ji

=P

N
Z ailiz'"ij =1

(6)

a. >0

iy

(x) Emission probability matrix, B,
{b1 (Vm)}) ceed Bk = {bl (Vm)}’
where B, is the two-dimensional emission probability
matrix and b (v,,) is a probability of observing v,, in
state s; ,

B, (v}, B, =

12 1

B, (V) = P (0 = vy 14 =s;,).

M
> b () =1, )
m=1

b (v,,) 20, 1 <i; <N,

1

where B; is the j+1-dimensional emission probability
matrix and b,»l.,,,»j(vm) is a probability of observing v,,
instates; attime?—j+1,s; attimef—j+2,...,and
i, at time t where j = 2,...,k,

bil---ij (Vm)

=P(0t =V | q =SipGe-1 = Sip oo - =Si1)’

j-1

(8)

Mz

bil---ij (Vm) =1

1

3
I

byi; (Vin) 20, 1 <ipsiy,..si; <N

For the kth-order discrete HMM, we summarize the
parameters by using the components of A = (7; ,7; ; ,
TT; 'k’Al’AZ"'"Ak’Bl’BZ""’Bk)'

s iy

Note that throughout this paper, we will use the following
notations.

(i) q, denotes q,, Gy, - - -» 4,

(ii) 0y, denotes 0,0,,...,0,

2.2. Forward and Backward Probability. The entropy-based
algorithm proposed by Hernando et al. [4] for computing the
optimal state sequence of a first-order HMM is incorporated
with forward recursion process. Recently, high-order HMM
are widely used in a variety of applications such as speech
recognition [8, 9] and longitudinal data analysis [10, 11]. For
the HHMM, the Markov assumption has been weakened
since the next state not only depends on the current state but
also depends on other historical states. The state dependency
is subjected to the order of HMM. Hence we have to modify
the classical forward and backward probability variables for
the HHMM, that is, the kth-order HMM where k > 2 are
shown as follows.

Definition 1. The forward variable «,(i,,is,...,i,) in the
kth-order HMM is a joint probability of the partial observa-
tion sequence 0y, 0,,...,0, and the hidden state of 5; at time
t-k+1, s; attimef—k+2,..., s; attimetwherel <t<T.
It can be denoted as

o (ips i35 o5 dyy) = P(Ol’oz’---)ot)%—kﬂ

)

= SipGe—k+2 = Sipp e qr = S, | )‘)~

From (9),t = land 1 < i,,i5,...
initial forward variable as

,iry1 < N, we obtain the

o (iz’i3’-'-’ik+1)

= P(Ol"b—k =Sip 3k = SipeeqL = Si | /\)

=P (‘b—k =S d3k = Sip--oq1 = Sikﬂ) (10)
'P(Ol | Goi = Sipda—k = Sipp-- > q1 = Sim)

= ﬂizis"'ik+1lji2i3"'ik+1 (01) :

From (9), (10), and 1 < iy,i,,...,4, 0, < N, we obtain the
recursive forward variable fort = 2,..., T,

)ik+1) = P(OI’OZ""

' ’qt = sikﬂ | A)

o (iyris,. .. »0p Qp—ks1 = Siy>

Bikia = S

N
= Z p (01’02’ 06 = Sin k1 = Siyp Gi—k+2
i=1

= Sipee G =S, | A)

N
= Z P (01’02’ o0 Gk = Sip ikl (11)

i=1
= Sipee g =S, | A) P(Qt = Sicn | G-k
i1 = Sik) X P(Ot | Gtk

= Sipdi-k+1 = Sip> -

= SipGi—k+2 = Sippe- o qr = Sikﬂ)

N
= Z oy (i iy, -

i=1

’ik) Ay iyeiyy, bizzg---ikﬂ (Ot)'



Definition 2. The backward probability variable f3,(i;, i,, ...,
i) in the kth-order HMM is a conditional probability of
the partial observation sequence o0,,;,0;,,,...,0r given the

hidden state of s; attimef—k+1,s; attimet—k+2,...,and
s;, at time £. It can be denoted as
B (i1>i2’-~-’ik) = P(Ot+1’0t+2>""OT | Gt-res1
(12)
= SipGi-k+2 = Sipe-dr = Sip» /\) >

where1 <t <T,1<i,i,...,i <N.
We obtain the initial backward probability variable as

Br(iysin, ... i) = 1. (13)

From (12) and (13), we obtain the recursive backward proba-
bility variable fort = 1,2,...,T - 1,

B (iiys o iy) = P(0t+1¢0t+2’--->0T | qier1 = Sip>
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N

= Z P(Ot+2""’oT | t—kr2 = Sipec i
i =1
= Sikﬂ’/\)P(%ﬂ = Sicn | Gger1 = Sipee 4y

Sik>A) X P<0t+1 | Gpsr = Sipp e = Sikn)

N
Y Bet (i .

i1 =1

i) i iyipy bi2i3---ik+1 (0¢41) -
(14)

The probability of the observational sequence given the
model parameter for the first-order HMM can be represented
by using the classical forward probability and backward
probability variables [2]. We extend it to HHMM by using
our modified forward probability and backward probability
variables. The proof is due to Rabiner [2].

Definition 3. Let «,(iy,1,,...,1;) and B,(i},i,,...,i;) be the
forward probability variable and backward probability vari-
able, respectively; P(O | A) is presented using the forward
and backward probability variables as

q—kZ:S" _’q =S4)A
TR =) PO|MN) =P(op...,op | A)
N
= Z P(0t+1’0t+2""’0T’ Giv1 = Sip,, | Deknt - S S - ; - ; 15
e kel —Z Z Z(xt(11,12,...,1k)ﬁt(11,12,...,zk).
k+1 =1 i,=1 =1
= Sip k2 T Sipe- 5 qr = Sik’)‘) Proof.
N N N
P(O1A)=P(0,0...,070 | A) = Z Z Z P(01>02""’0T’qt—k+1 = SipGiki2 = Sippe G = 5, | A)
=l =1 Q=1
N N N
= Z Z Z (01’02"">0t>qt—k+1 = SiGrke2 = Sy o dr = S, | )‘)
=1 =1 Q=1
(16)
x P(ot+1’0t+2>""0T | Ge-ke1 = Sip> Gira = Siyo-- 24 = Sikr/\>
N N N
=Z Z Z (i iy i) By (i o) -
=l =1 Q=1
We now normalize both of the forward and backward prob- @, (iyyigs-vvripyy) =P (qt_kJr1 =S Qike2 = Sipre- > Gt
ability variables. These normalized variables are required as 17)
the intermediate variables for the algorithm of state entropy Sig, 1010000, Ot) .

computation. O

Definition 4. The normalized forward probability variable
Qy(iy, 135 ..,0,q) in the kth-order HMM is defined as the
probability of the hidden state of s; at timet —k + 1, s; at
timef-k+2,..., s;  attimet given the partial observation
sequence 0,0, ...,0, where1 <t <T.

From (10), 17),t = 1,and 1 < i, 1,,...,i < N, we obtain the
initial normalized forward probability variable as
& (g3, -5 i)

= P(Qz—k =Sip 3k = Sipe- 1 < S, | 01)
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P(‘]z—k = Sipda-k = Sipeeq1 = Sik+1’01)
P(Ol)
_ ﬂi2i3'"ik+1bi2i3"'ik+1 (01)
7o ’
(18)
where
N N
= Z Z T iy i, (01) - (19)
Jk=1 1=1
From (11), (17), 18), and t = 2,...,T, 1 < ij, iy ..., ipigpy <

N, we obtain the recursive normalized forward probability
variable as

& (in iz rigsr)

= P(qt—kﬂ = SipGi—k+2 = Sip-- o dr = Siy 01>02>~-->0t)

3 P(qt—kﬂ = SipGrke2 = Sipee g = Sikﬂ>01»02)---»0t) (20)
P(0;104,05...,0,_1)
N o~ .o .
3 [Zilzl Ay (idys ooy ailizu-ikﬂjl bizi3~-ik“ (o)
- b
Ty
P (0t+1’ N A

Sip Qe—k+2 = Sip»

5
where
N N N
= JkZ:: ZZ ’1>j1>---’jk—1) 1)

@y, Dy (00) -

Note that the normalization factor r, ensures that the prob-
abilities sum to one and it also represents the conditional
observational probability [2].

Definition 5. The normalized backward probability variable
Bi(iysiys...»i;) in the kth-order HMM is defined as the
quotient of a conditional probability of the partial obser-
vation sequence 0,,1,0;,,,-..,0r given the hidden state of
s, at time t — k + 1, s; at time t — k + 2,..., 5; at
time ¢, and a conditional probablhty of the partial observa-
tion sequence o,,,,0,,5,...,0p given the entire observation

sequence 0;,0,, ..., 0. It can be denoted as

By (insins i)

p (0t+1’ O+

P (01115012

qr = Sik) (22)

>

07 | Gpger = SipoQt—k+2 = Siypp- -

,or | 01,0,,...,07)

where1 <t <T,1<1i,ip...,i <N
From (14) and (22), we obtain the recursive normalized
backward probability variable as

<4y :Sik)

Vi) =

Bt (iys 15 .

P (044150445 -

N
_ Zik+1:1 P(Ot+1’0t+2>"'

N R SipQt—k+2 = Sipp- g =

07| 01,0,,...,07)

Sip> dr+1 = Sikﬂ)

P (04415

N =~ L.
— Z"k+1:1 Br1 (12, i3,..

(23)
,or | 01,0,,...,07)

> 1k+1) A iyeiy, bisz---ikH (Ot+1)

Tl

where

N N N
Tyl = ZZ Z“t(ipjlw-’jk—l)

Jk=1 ji=lip=1 (24)
’ ailjl"'jkbjljZ"'jk (Ot"'l) :

Our extended algorithm includes the normalized forward
recursion given by (18) and (20). The extended algorithm for
the kth-order HMM requires O(TN*') calculations if we
include either normalized forward recursion given by (18)
and (20) or the normalized backward recursion given by
(13) and (23). The direct evaluation method, in comparison,
requires O(N”**™1) calculations where N is the number of
states, T is the length of observational sequence, and k is the
order of the Hidden Markov Model.

>

2.3. The Algorithm by Hernando et al. Hernando et al. [4]
are pioneers for using entropy to compute the optimal state
sequence of a first-order HMM with a single observational
sequence. This algorithm is based on a first-order HMM
normalized forward probability,

at(j)zp(qtzsj|01>02""’0t)’ (25)
auxiliary probability,
P(QH =5 1q = 5j>01:t) > (26)
and intermediate entropy,
H, (Sj) = H(‘Zl:t—l lq; = Sj’olzt)' (27)

The entropy-based algorithm for computing the optimal state
sequence of a first-order HMM is as follows [4].



(1) Initialization. Fort = 1and 1 < j < N,
H, (s;) =0,
P ”jbj (01) (28)
& () =
Yo b (o)
(2) Recursion. Fort =2,...,T - 1,and1 < j< N,

Zf\:]l &y (i) aijbj (o)

& (j) = —— )
' ZkN=1 21111 &,y (i) ayby (Ot)
a;;0,_y (i)
P(q_i=silq =s,0)= ! —,
( o Y lt) ZkN=1 Zzlil Ay (i)
N (29)

H, (Sj) = Z [P (%—1 =s;lq, = Sj’olzt) H,, (Si)]

i=1

N
B Z [P (‘It—l =slq; = Sj’ol:t)

i=1

- log, P (%—1 =514 = Sj)] :
(3) Termination

N
Hy (qyr | 0yr) = Z Hy (s;) & (i)
- (30)

™M=

]
—

ar (i) log,ar (i) .

This algorithm performs the computation linearly with
respect to the length of the observation sequence with
computational complexity O(TN?). It requires the memory
space of O(N?) which indicates that the memory space is
independent of the observational sequence.

2.4. The Computation of the Optimal State Sequence for a
HHMM. The extended classical Viterbi algorithm is com-
monly used for computing the optimal state sequence for
HHMM. This algorithm provides the solution along with its
likelihood. This likelihood probability can be determined as
follows.

P(ql,qZ,...,qT|01,02,...,0T)
_ P(ql’qzi"qusOl:Oz,---,OT) (31)
P(Olaoz,...,OT)

This probability can be used as a measure of quality of the
solution. The higher the probability of our “solution,” the
better our “solution.” Entropy can also be used for measuring
the quality of the state sequence of the kth-order HMM.
Hence, state entropy is proposed to be used for obtaining the
optimal state sequence of a HHMM.

We define entropy of a discrete random variable as follows
[12].
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Definition 6. The entropy H(X) of a discrete random variable
X with a probability mass function P(X = x) is defined as

H(X) =~ ) P(x)log,P(x). (32)

xeX

When the log has a base of 2, the unit of the entropy is bits.
Note that 0log 0 = 0.

From (32), the entropy of the distribution for all possible
state sequences is as follows:

H(q1:d2--->9r 1 01,05...,07) = _Z[P(‘h
Q

=si1,q2=si2,...,qT=siT|01,02,...,0T) (33)

’ 10g2P (ql = Silaqz = Siz""’qT
o).

For the first-order HMM, if all N” possible state sequences
are equally likely to generate a single observational sequence
with a length of T, then the entropy equals T'log,N. The

entropy is kT log, N in the kth-order HMM if all N' kT possible
state sequences are equally likely to produce the observational
sequence.

For this extended algorithm, we require an intermediate
state entropy variable, H,(s; ,s;,,...,s; ) that can be com-
puted recursively using the previous variable, H,_(s; , s, - -
s;,)-

=s;,. 01,0,

We define the state entropy variable for the kth-order
HMM as follows.

Definition 7. The state entropy variable, H,(s; ,s;,,.--»S;,, )
in the kth-order HMM is the entropy of all the state sequences
that lead to state of s; at time t — k + 1, s; at time ¢ —

k+2,...,and s;,,, at time t, given the observation sequence

01,0, ...,0,. It can be denoted as
H, (5i2’5i3> .- -)Sikﬂ) =H (‘127k:t71 | Gygeir
(34)
= SipGQt—k+2 = Sippe- >4 = Sip, > 01 ) -

We analyse the state entropy for the kth-order HMM in
detail, shown as follows.

From (34) and t = 1, we obtain the initial state entropy
variable as

H, (si s

REIARE

s, )=0. (35)

From (34) and (35) we obtain the recursion on the entropy
fort =2,...,T,and 1 <i},i,,...,0;,; <N,

H, (Siz’siS"'”ikﬂ) = H(qZ—k:t—l | Qg1

= SipGi—k+2 = Sipp e dr = Sim’ol:t)
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=H (qt—k:t—l | Gger1 = Siyy Qt—k+2 = Sipp -+ >4t

= Sikﬂ’olzt) +H (‘12—k:t—2 | Gito> De—kcs1 = Siy> Gt—kr2

H (qt—k:t—l | Qi1 = SiyyQi—k+2 = Sipp -Gt = SikH’Ol:t)

N

=- z [P(%—k = SiseesGe1 = S | Qg = iy

i=1

-log, (P (qt_k =i

>qe-1 = Sip | Qi1 = Siyree-

H (qZ—k:t—Z | Geto> Ge—s1 = Sip> G—ks2 = Sippeedr = SikH)Ol:t)

N

= Y [P (g = 55

i=1

Hqi =

Siy | qtker1 = Siys -

7
= Sipeeqr =S Olzt) ’
(36)
where
e = Sik+1)01:t)
»qr = Sik+1’ Olft))] >
(37)

S = S, Olzt)

-H (qZ—k:t—Z | i = Sipi-k+1 = Sipp-+ >4 = Sikﬂ’olzt)]

N
= [P(Qt—k = Sips -

i=1

Hqi1 =

The auxiliary probability P(q,_ = s; » G;—k+1 = iy Gt =
Sip | Qi1 = Sipp-- Q1 = i, G = Si,,,»O1) i required for

P(qt—k = SipGr-k+1 = Sip e qe-1 = S, | Gierr = Siyprer -1 = Si>4qr =

Siy | Gtk = Siyp de—k+2 = Sipp e -+

g = Sik+1’01:t) H, (sil’siz’ e >5ik)] .

our extended entropy-based algorithm. It can be computed as
follows:

sik+l’01:t)

N P(%—kn =Sy = Sip, 5 O0pfer1> -+ > O | Gy = Sipee i1 = Sik’f’l:t—l)P(‘Jt—k =Sipee i =S, | 01::—1)

P(‘]t—k+1 =Sipee o dr = Si 50t kil

P(Ot—k+1’--~)oz | Geksr = Siyp-- oG = SikH)P(qt—kﬂ = Sipeee

gy =

»0; | 01::71)

Siva | i = Sipee -1 = Sik)P(qt—k =Sipee i =S, | 01::—1)

P(Ot—k+1>-~->0t | Giks1 = Sipr- G = SikH)P(%—kn =Sy =S, | 01:t—1) (38)
P(‘]t—k =Sipee o = S | G = Siper i1 = Sik)P(‘Zr—k =Sipee i =S, | 01;271)
N N N
ij=1 ij,,=1 "’Zj1=1 P(‘J:—kﬂ =Sjpeeoqr =S | G = Sjpeeo -1 = Sjk)P(‘It—k =Sjnee i TS, | 01::—1)
B “i,izmikikH&H (il’iZ’ e »ik)
- N N N ~ PR SN
Zimt Lt st Gy, o1 (G oo i)
. N N N
For the final process of our extended algorithm, we are . .
required to compute the conditional entropy H(q,.; | 0.1) B Zl Zl T 1“T (iysiys o)
: iv=1 i,= i=
which can be expanded as follows: e ¢
log, (&r (iy> s, .. »iy)) -
H(qy.r 1 0vr) = H(Qur | Grogar = Sip> Grkss = i (39)

AT-k+3 = Sip> -+ > 4T = Sik’ol:T) + H(qT—k+1:T | OI:T)

N N N
_ Z Z "'ZHT(Sil’Siz""’Sik)

=1 i=1 Q=1

.’ik)

cay (i

The following basic properties of HMM and entropy are used
for proving Lemma 8.

(i) According to the generalized high-order HMM, state
Gi-k-j+1> j = 2 and g, are statistically independent given
Qt—t> Ge-k+1> Gt—k+2>- - -»Ge—1- The same applies to g,y ;i1



j = 2 and o, are statistically independent given g, 1, g, 1>
»qi-1-
(ii) According to the basic property of entropy [12],

Qikrnr- -

H(X|Y=y)=H(X)
(40)
if X and Y are independent.

We now introduce the following lemma for the kth-order
HMM. The following proof is due to Hernando et al. [4].

Lemma 8. For the kth-order HMM, the entropy of the state
sequence up to time t —k — 1, given the states from time t — k to
time t — 1 and the observations up to time t — 1, is conditionally
independent of the state and observation at time t

Journal of Probability and Statistics

= SipGdi—k+2 = Sipp oo de-1 T SipOre-1p G = Sikﬂ’ot)

=H (‘h:t—z | g = Sip di—k+1 = Sip> Gt—k+2
=S5 = Sik’ole) =H, (5i1’512’~~~)5ik)~

(42)

Our extended entropy-based algorithm for computing
the optimal state sequence is based on normalized forward
recursion variable, state entropy recursion variable, and
auxiliary probability. From (18), (20), (35), (36), (38), and (39),
we construct the extended entropy-based decoding algorithm
for the kth-order HMM as follows:

(1) Initialization. For t = 1 and 1 < iy,i5,...,4,; <N,
H,, (Sil’siz’-"’sik) = H(%:t—z | i = Sip> de—k+1 H, (siz,siz,...,sik ) =0,
3 +1
(41)
= SipQik+2 T Sippe Qe = Sikﬂ’olzt)' &y (i i35 s gy (43)
Pf'OOf _ ﬂizis"'ik+1bizi3"'ik+1 (01)
TN N N ‘
H _ _ _ ijZI zjk,lzl e Zh:l ﬂjljz"'jkbjljz"'jk (01)
(Qrea | Gk = Sij> Gooor = Sipp Qpkr2 = Siyp-- s
= S,-kH,Ol;t) = H(qu_z | et = Si)> Q-1 (2) Recursion. Fort =2,...,T—1,and 1 <iy,iy,...,i <N,
N ~ /o .
&, (i) ) Zi1—1 O 1(11>12""’lk)ailiz---ikikﬂbi2i3---ikik+1 (o)
&, (i, 13,0051 =
t 2135w 5 lpeyy ) ,
ij_l 211_1 211_1 &y (i fiseoos Jie1) ailjl---jkbj2j3~-»jk+l (0r)
p B B B B _ A gy, Fe—1 (11>12’ s ’k)
(Qt—k = Sipeeqi =S, | Gger1 = Sipper oy = 5ik+1>01:t) = ZN ZN ZN ( . )’
Jr=1 Laji_i=1 ji1=1 ]112 Jrirs t 1 ]1’]2""’]k
(44)
H, (Siz’si3 1k+1) z [P (‘Zt k= Sipeoqi-1 = S | Gier1 = Sipeesdr = Sik+1’01:t) H, 1(5 > Si, ’Sik)]
ij=1
N
- Z [P (Qt—k Sipper -1 = S | i1 = Sipper oy = Sikﬂ’ol:t)
i=1
log, (P (‘b k= Sipee i1 = S | Geoger = S0 G = Sik+1’01:t))] :
(3) Termination of observational sequence, O(N*™!), since & (i, i, .. .»irs;)s

N N
H(‘il:T | OI:T) = Z Z Hyp (Sil’siz"”’sik)

ii=1 =1

oA (A (45)
N N

= Y @ (i iy, siy) log, @p iy iy, .y ) -

TS -
This extended algorithm performs the computation of the
optimal state sequence linearly with respect to the length of

observational sequence which requires O(TN k1) calculation
and it has memory space that is independent of the length

H, (512’ iy Sikﬂ)’ P(qy = Sipero -1 = Si, | @1 =

e qt = s;,»01,) should be computed only once in tth
iteration and, having been used for the computation of (¢ +
1)th, they can be deleted from the space storage. O

2.5. Numerical Illustration for the Second-Order HMM. We
consider a second-order HMM for illustrating our extended
entropy-based algorithm in computing the optimal state
sequence. Let us assume that this second-order HMM has the
state space S, which is S = {s;,s,} and the possible symbols
per observation which is O = {v;, v,, v5}.

The graphical representation of the first-order HMM that
is used for the numerical example in this section is given in
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a; =0.5

a;; = 0.5
| %
a =1
bi(vy) =05 by(vy) = 0.5 by(v3) =1

FIGURE 1: The graphical diagram shows a first-order HMM with 2
states and 3 observational symbols.

FIGURE 2: The graphical diagram shows a second-order HMM with
2 states and 3 observational symbols.

Figure 1. The second-order HMM in Figure 2 is developed
based on the first-order HMM in Figure 1 which has two
states and three observational symbols. A HMM of any order
has the parameters of A = (7, A, B) where 7 is the initial
state probability vector, A is the state transition probability
matrix, and Bis the emission probability matrix. Note that the
matrices of A and B whose components are indicated as a; ; ,
i iyip b, (0; = v,) and b ; (0, = v,,,) where 1 < i}, 1,13 < 2
and 1 < m < 3 can be obtained from Figures 1 and 2.
However, the initial state probability vector is not shown in
the above graphical diagrams.

The initial state probability vectors for the first-order and
second-order HMM are shown as follows:

m, =[05 0.5],
m, =[0.5 0], (46)
my = [0.5 0].

m; = {m; } is the initial state probability vector for the first-
order HMM and 7, = {r; ;} and 73 = {7; ,} are the initial
state probability vectors for the second-order HMM where
, = Plq, = ;) 7,1 = P(qy = s1,q0 = s;,), 71,5 = P(qy =
$»qy = s;,),and 1 < i) <2.

The state transition probability matrices for the first-order
and second-order HMMs are shown as follows:

0.5 0.5
A, = ,
L1 0]
B (0.5 0.5 )
- , 47
*“lo o)
(0.5 0.5
A, =
L1 0]

A, = {a;; } is the state transition probability matrix for the
first-order HMM and A, = {g;;,} and A; = {a;,,} are
12 122

the state transition probability matrices for the second-order
HMM wherea; ; = P(q, =s;, | q,-1 = $;)> ;5,1 = P(q, = s, |
di-1 = Sip 42 = 5i1)> Gii2 = P(q =51, = Siyy -2 = Siy )
and 1 <1i,,i, <2

The emission probability matrices for the first-order and
second-order HMM:s are shown as follows:

r0.5 0
B, =050/,
L0 1
[0.5 0.5
B, - ]
L0 0 (48)
[0 0.5
5[0,
[0.5 0
5.-|" O].

B, = {b, (0, = v,,)} is the emission probability matrix for the
first-order HMM and B, = {bizis(ot =)L B; = {b,-zia(ot =
v,)h and By = {b,; (0, = v3)} are the emission probability
matrices for the second-order HMM where b, (0, = v,,) =
Plo; = vy | Gr = 5;)s b, (0, = v)) = Plo, = v, | g =
Sip i1 = $,)> by (0, = vy) = Ploy = v, | g = 5;,5941 = 83,)s
and b, ; (0, = v3) = Plo, = v3 | 4, = 5,441 = 5,)-

The following is the observational sequence that we used
for illustrating our extended algorithm:

016 = (01 = V1,0, =V, 03 = V3,04 = V,05 = V3,00 (49)
= ).

We applied our extended algorithm for computing the opti-
mal state sequence based on state entropy. The computed
value of the state entropy is shown in Figure 3.

The total entropy after each time step is displayed at the
bottom of Figure 3. For example, after receiving the second
observation, that is, 0,,, = (0, = v;,0, = v,), it has produced
two state sequences which are q,, = (g, = $,4, = )
and q,, = (q; = s;,9, = $,) as shown by the bold arrows.
Each possible state sequence has a probability of 0.5; that is,
a,(1,1) = &,(1,2) = 0.5, and hence the total entropy is 1 bit.
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Obs
0, =1 0y =V 03 =173 04 =V, 05 =13 05 = V;
State
H(1,1) =0 Hy(1,1) =0 Hy(1,1) = 0.5 Hy(1,1) =0 Hi(1,1) =0 Hy(1,1) =0
&1L =05 ] &(1,1)=05 &y(1,1) = 0.33 @,(1,1) =0 @(1,1) =0 &(1,1) =0
S1
H(2,1)=0 Hy(2,1)=0 Hy(2,1) = 0.5 H,(2,1)=0 H5(2,1) =0 Hy(2,1) =0
I
&(2,1)=0 &(2,1) =0 G2, =067 || | @21)=0 &(2,1) =1 a(2,1) =0
|
1
\
\
1
H,(1,2) =0 Hy(1,2) = Hy(1,2)=0 || Hy(1,2)=0 Hy(1,2) = 0 Hy(1,2) = 0
\
&(1,2) = @(1,2) = 0.5 @ (1,2) = V& 1,2) =1 @(1,2) =0 a(1,2) =1
S V
H(2,2) =0 Hy(2,2) = 0 Hy(2,2) = 0 Hy(2,2) =0 Hy(2,2) = 0 Hy(2,2) =0
@,(2,2) =0 @(2,2) =0 @5(2,2) = 0 @,(2,2) =0 @(2,2) = 0 @5(2,2) = 0
Total
1 1 1.41 0 0 0
entropy
FIGURE 3: The evolution of the trellis structure of the second-order HMM with the observation sequence 0,4 = (0, = v,,0, = v;,03 = V3,0, =

V5,05 = V3,06 = V).

However, after receiving the fourth observation, that is, 0,4 =
(0; = v1,0, = 1,05 = V3,04 = V), it has produced one state
sequence which is g, = (g, = 51,9, = $3,43 = $1,44 = S,) as
shown by the dashed arrow. This possible state sequence has
a probability of 1, that is, &,(1,2) = 1, and hence the total
entropy is 0 bit. After receiving the sixth observation, this
second-order HMM has produced only one possible optimal
state sequence; that is, g4 = (q; = 51,42 = $2,93 = S1,q4 =
S5, 45 = S1,qe = S,) with the total entropy of 0 which indicates
that there is no uncertainty.

3. Entropy-Based Decoding Algorithm with
a Reduction Approach

The extended entropy-based Viterbi algorithm in Section 2
has addressed only the issue related to memory space
but this algorithm is not able to overcome the compu-
tational complexity. In this section, we introduce an effi-
cient entropy-based algorithm that used reduction approach,
namely, entropy-based order-transformation forward algo-
rithm (EOTFA) to compute the optimal state sequence based
on entropy of any generalized HHMM. This algorithm has
addressed issues related to memory space and computational
complexity.

3.1. Transforming a High-Order HMM with a Single Observa-
tional Sequence. This EOTFA algorithm involves a transfor-
mation of a generalized high-order HMM into an equivalent
first-order HMM and an algorithm is developed based on
the equivalent first-order HMM. This algorithm performs
the computation based on the observational sequence and
it requires O(TN?) calculations, where N is the number of

states in an equivalent first-order model and T is the length
of observational sequence.

The transformation of a generalized high-order HMM
into an equivalent first-order HMM is based on Hadar and
Messer’s method [7].

Suppose Q, = (q;» ;1> - -»Gsisy) for 1 < t < T; then the

hidden state process {(Ajt}tT=1 of the kth-order Markov chain
satisfies

=P(qp Q1>+ > Qe | Q1> G20+ 92k
P(q | G-1>9;- 2’-‘-"1t—k) (50)
=P Gr-1>- > Gters | D15 Ge-20 - > Gs-1)

= P(Gt | PQvtfl))
where Q, takes the value from the set of hidden states S =
{spi=1,2,..., N}k. Hence, the hidden state process {(Ajt}tT:1

forms the first-order HMM Markov process.
The observation process {o,}"_, satisfies

P(Ot | { }l<t {6 }l<t)
= P(ot | {ql}lst) - P(O
= P(Ot | Gt)

(Ot | {Ol}lgt—l J {ql}lst)
¢l {‘Zl};:tfk)

(51)

Hence, the hidden state process {Q}tT=1 and the observation
process {ot}tT:1 form the first-order HMM.
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Remarks 9. (i)
P(ét | 6[—1) = P(ét
= [%—k+1 = Sipdi—k+2 = Sipe-odr = zkﬂ] | Qt 1

= [%—k = Sipt—k+1 = Sipe -1 T Sik]) = P(ét (52)

= [5i2>5i3>""5ik+1] IQ_I = [sil,siz,...,sik )
= P(Q = Sipeie | Q1 = Siipei)»
where [s; ,s; ,...,s; Jand [s;,s;,...,8, 1€ S.
(ii)

P(ot | Gt) =P(0t | Q,

= [qtfkﬂ = SipGi—k+2 = Sippe e = Sik“])
(53)

=P (Ot | Qt [S’Z lk+1]) =P (Ot | ét
= 5i2i3"'ik+1) ’

where [s; ,s;,...,s; 1 €.

Note that we assume SisSipserea Sy = S

iy and Si>Siy»
.S

=8S.. .
T+l Bl ey
The elements for the transformation of a high-order into
an equivalent first-order discrete HMM are as follows:
(i) Number of distinct hidden states, N
(ii) Number of distinct observed symbols, M
(iii) Length of observational sequence, T

O={o, t=12,...,T}
Q=1{Q, t=12,...,T}

(iv) Observational sequence,

(v) Hidden state sequence, Q

(vi) Possible values for each state, S = {s;, i =
L,2,...,N}

(vii) Possible symbols per observation, VvV = vy, w =
1,2,...,M}

(viii) Initial hidden state probability vector, 7 = {7;}, and
71; is the probability that model will transit from state

8 =[si>Sip-- 58,1 =5 ; .., » Where
7,=P(Q =5),
N
=1, (54)
i=1
;>0

(ix) State transition probability matrix, A = = {a;} and

a; is the probability of a transition from state

1
5 = [sipsi ..,si.k] at time £ — 1 to state 5; =
[si>8i,...>s; ]attimet where
2 3 k+1
d;=P(Q=51Q1 =5),
N
Ya;=1, (55)
=
a; > 0,

where the first k — 1 entries of §; are equal to the last
k — 1 entries of §;

{b.(v,)}, and

b,(v,,) is a probability of observing v,, in state 5; =

(x) Emission probability matrix, B =

[si>8;>--->5; ] at time t:
.b;(vm)ZP<0t:Vm I(’jtz’svi)’
M ~
Y b)) =1 (56)
m=1
b (V) 2 0

3.2. The Forward and Backward Probabilities Variables for the
Transformed Model. In this subsection, we omit the deriva-
tions for forward and backward probability variables since the
derivations are similar to the derivations in Section 2.2.

The forward recursion variable for the transformed model
at time ¢ is as follows:

& (j) = P (01,05

:P(ol,oz,...

)0t>6t :§] | A)

Siyigewiy | )L)

200 Q= (57)

MZl

& 1(1) z]]( )

1

The backward recursion variable for the transformed model
at time ¢ is as follows:

B, (i) = P(0t+1’0t+2’--~

=P (Ot+1’ Opy25 -+

,or | Q =5, 1)

1112 )

,or | Qt
(58)

5 (/) @; | b; (0r)-

Il
T MZl

The normalized forward variable at time ¢ is as follows:
N ~.
Yis1 %y (

Ty

l] j (Ot) (59)

&t. (]) = p(ét | Ol:t) =

wherer = Y20, Y1 &, ()a;b;(0,).
The normalized backward variables at time ¢ is as follows:

(0t+1T | ét) z] 1/3t+1 (j)a, az] i (0t+1), (60)

P (011 | Oot) i

z] lzz lat(l)az] (0t+1)-

B (i) =

where r;,, =



12

3.3. The Computation of the Optimal State Sequence for a
HHMM. For EOFTA algorithm, we require state entropy
variable, H,(§;), that can be computed recursively using the
previous Varlable, 1 (5)).

We define the state entropy variable as follows.

Definition 10. The state entropy variable, H,(5), in an order-
transformation HMM, is the entropy of all the paths that lead

to state of §; at time ¢, given the observations 0;,0,,...,0;. It
can be denoted as
H, (gj) =H (let—l | Q = S Ol:t)' (61)

From (61) at t = 1, we obtain the initial state entropy variable
as

H, (5;) =0. (62)

From (61) and (62), we obtain the recursion on the entropy
fort=2,...,T-1,and 1 si,jsﬁ
Ht(g) (Qltlth_S]’Olt)

=H (él:t—Z’ét—l 1Q, = gj’ol:t>

_ B (63)
=H(Q, 1Q = 5 011
+H (él:t—z 1 Q1. Q, = §j>01:t)’
where
H(ét—l | ét = §j>01:t>
N —_— —
= _Z [P(Qt—l =51Q :gj’olt)
i=1
-log, (P (at—l =51Q, = §j>01:t))] >
H(élzt—Z | 6t—176t = Ej’olzt) (64)
1—\7 —_—
= Z [P (Qt—l =51Q = S]’Olt)
i=1
H(él 2 1 Qi =5,Q; = gy"lt)]
N _— —_—
= Z [P (Qt_1 =51Q = S]’Olt) H, (5]
i=1
The auxiliary probability P(Q,., = 5 | Q, = §j014) is

required for our EOTFA algorithm. It can be computed as
follows:

=51Q =5 Ot)ol:t—l)

P(GH =5 | Gt = gj’ol:t) =P (at—l
_ P(G: =50 | Qi = §i>01:t—1) P (6t71 =5 Ol:t—l)
P(Gt = gj’ot [ Olzt—l)
(Dt 1Q =5, ) (Qt 5 | Q.= §) (Qt—l =5 01::-1)
P(Ot 1Q =§j)P(6t Sj o 1)

Journal of Probability and Statistics

_ P(ét =5; gy = S})P(Gt—l =51 Ol»t—l)
ZkN:1P(6t =51Q = Ek)P(~t 1= 5 | ogy 1)
a;;0_, (i)

Yo, @, (k)

(65)

For the final process, we compute H(q,.r | 0,.7) which can be
expanded as follows:
H (él:T | Ol:T) =H (GI:T—I | GT = Ej’ol:T)

+H (GT | OI:T)

Hy (5) & oz (i) (66)

I
M21

Il
—

[\/]Zz

o (i) log, (“T (1))

i=1

The basic entropy concept in (40) and the following basic
properties of HMM are used for proving our Lemma 11.
According to the transformation of a high-order into an
equivalent first-order HMM, state Q,_,, r > 2, and Q, are
statistically independent given Q,_, . The same applies to Q,_,,
r > 2 and o, are statistically independent given Q,_;.

The following proof is due to Hernando et al. [4].

Lemma 11. For the transformation of a high-order into an
equivalent first-order HMM, the entropy of the state sequence
up to timet—2, given the states at time t—1 and the observations
up to time t — 1, is conditionally independent on the state and
observation at time t

H (5)=H(Qu,|Q,=5Q=5,04,). (67)
Proof.
H(Qus 1 Qoy =5,Q =5;0,,)
= H(Qui 1 Qs = 5,014-1,Q =5;0,) (68)
= H(Quz | Qy = 5p0141) = Hiy (5).

Our EOTFA algorithm for computing the optimal state
sequence is based on the normalized forward recursion
variable, state entropy recursion variable, and auxiliary prob-
ability. From (59), (60), (61), (62), (63), and (66), we construct
our EOTFA algorithm as follows.

(1) Initialization. Fort = land 1 < j < N,
H, (5;) =0,
7 (j) b (o)) (69)

G()=—=""—
! Zglﬁ(i)bi(ol)
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(2) Recursion. Fort =2,...,Tand 1 < j < N

ZNI (xt 1 (l) al] j (Ot)
Zk:l Zi:l a;_y () aikbk (0r)

R

() =

g ()
Yoo @@y (k)

N B B (70)
Ht (EJ) = ZHt,l (g;)P(Qtfl = g; | Qt = Ej’olzt)
i=1

N

- ZP(Gt,l =5 | Gt = §j"’ht)

i=1
-log, (P (étfl =51Q = §j>01:t))] .

(3) Termination

N
H(Qur | oyr) = Y Hy (5) & (i)
i=1
(71)

[\/]21

@y (i) log, (& (i) .

Il
—

The direct evaluation algorithm, Hernando et al’s algo-
rithm, and our algorithm perform the computation of state
entropy exponentially with respect to the order of HMM.
Our algorithm proposes the transformation of a generalized
high-order into an equivalent first-order HMM and then
compute the state entropy based on the equivalent first-order
model; hence our algorithm is the most efficient in which
it requires O(TN?) calculations as compared to the direct
evaluation method which requires O(NT* 1) calculations
and the extended algorithm which requires O(TN**') cal-
culations where N is the number of states in a model, N is
the number of states in an equivalent first-order model, T is
the length of observational sequence, and k is the order of
HMM. O

3.4. Numerical Illustration for an Equivalent First-Order
HMM. We consider the second-order HMM in Section 2.5
for illustrating our EOTFA algorithm in computing the
optimal state sequence. According to our proposed novel
algorithm, we first transformed the second-order HMM in
Section 2.5 into the equivalent first-order HMM by using
Hadar and Messer method [7]. The equivalent first-order
HMM has the following model parameters A= (%, A, B),
where 7 is the initial state probability vector, A is the
state transition probability matrix, and B is the emission
probability matrix.

7=1[05 05 0 0],

13
10505 0 0
_ |10 0 0505
A= ,
0 1 0 0
[0 0 0 0
0.5 05 0 0
B=|0 0500
05 0 10
(72)

Note that the above state transition probability and
the emission probability matrices whose components are
indicated as @; ; and Eiz (o, = v,,) where 1 < i},i, < 4and
1 < m < 3 can be obtained from the graphical diagram in
Figure 4.

The state space for the equivalent first-order HMM is § =
{51,5,,55, 54}, where 5| = [s1,5], S, = [s1,8,], 55 = [s5,5,],
and s, = [s,, s,], and the possible symbols per observation are
O = {v,,v,,v;}. Note that 77, = {friz}, where 77r1-2 =P(Q, = 5.
A ={a;}, wherea,; =P(Q =5, |Q_ =5) and B =
{b, (0, = v,,)}, where b, (0, = v,,) = Po, = v,,, | Q; =5;)).

The equivalent first-order HMM was developed based on
Hadar and Messer’s method [7] is shown in Figure 4.

Secondly, the optimal state sequence is computed based
on the equivalent first-order HMM by using our proposed
algorithm. Finally, the optimal state sequence of the second-
order HMM is inferred from the optimal state sequence from
the equivalent first-order HMM.

The following is the observational sequence used for
illustrating our algorithm:

016 = (01 = V1,05 = V5,03 = V3,04 = V,05 = V3,04
(73)
=v).

We applied our EOFTA algorithm for computing the
optimal state sequence based on the state entropy. The
computed value of state entropy is shown in Figure 5.

The total entropy after each time step for the transformed
model, that is, the second-order transformed into the equiv-
alent first-order HMM is displayed at the bottom of Figure 5.
For example, this model has produced only one poss1ble state

sequence; that is, Q. = @Q, =5,Q, =5,0Q, =5,Q, =
5,,Qs = 5;), as shown by the bold arrow with a probability
of 1 after receiving the fifth observation. The total entropy
is 0 at t = 5 which indicates that there is no uncertainty.
After receiving the sixth observation, that is, 0,4 = (0; =
V1,0, = V1,03 = V3,0, = V5,05 = V3,06 = V;), this equivalent
first-order HMM has produced one possible optimal state
sequence Q16 =@Q =5.Q = 52>Q3 = 53’Q4 = 52)Q5 =
55,Q4 = §,) which is similar to g, = (¢, = 5;,G, = 55,45 =
S1,qs = $3,q95 = 1,4 = S,) that is produced by the second-
order HMM in Section 2.5 with a total entropy of 0 which
indicates that there is no uncertainty. As a result, the optimal
state sequence of the high-order HMM is inferred from the
optimal state sequence of the equivalent first-order HMM.



14

Journal of Probability and Statistics

FIGURE 4: The graphical diagram shows an equivalent first-order HMM.

obs
o =" 02 ="y 03 =73 04 =V 05 = V3 % = V1

state

H(1)=0 H,(1) =0 H;(1) =0.5 H,(1) =0 H;(1) =0 Hy(1) =0
gl . H . . . .

& (1) =05 &(1) =05 & (1) = 0.33 &(1) =0 &(1)=0 &(1)=0
B H;(2)=0 H,(2)=0 H;(2) =0 Hy(2)=0 H5(2) =0 Hg(2) =0
2 &(2) =05 &(2) =05 &(2) =0 &) =1 &) =0 &) =1
B H;(3)=0 H,(3)=0 H;(3) = 0.5 H,(3)=0 H;(3) =0 Hg(3) =0
” &B3)=0 &B3)=0 &(3) = 0.67 &(3)=0 &(3) =1 &(3)=0
B H,(4)=0 H,(4)=0 H;(4)=0 Hy(4)=0 Hs(4) =0 Hg(4) =0
. &4) =0 &(4) =0 &(4) =0 &(4) =0 &(4) =0 &(4) =0
Total 1 1 0 0 0
entropy

FIGURE 5: The evolution of the trellis structure for a transformation of a second-order into an equivalent first-order HMM with the observation

sequence 0y.4 = (0, = V1,0, = V|,05 = V3,04 = V5,05 = V3,06 = V).

Our proposed algorithm is based on the equivalent first-order

HMM and only requires O(TN?) computation and hence we
can conclude that our EOTFA algorithm is more efficient.

4. Conclusion and Future Work

We have introduced a novel algorithm for computing the
optimal state sequence for HHMM that requires O(T'N?)
calculations and O(N?) memory space where N is the
number of states in an equivalent first-order HMM and T is
the length of observational sequence. This algorithm is to be
running with Viterbi algorithm in tracking the optimal state
sequence as well as the entropy of the distribution of the state
sequence. We have developed this algorithm for the case of
a generalized discrete high-order HMM. This research can
be also extended for continuous high-order HMMs and these
models are widely used in speech recognition.
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