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This manuscript considers some improved combined and separate classes of estimators of population mean using bivariate
auxiliary information under stratified simple random sampling. The expressions of bias and mean square error of the proposed
classes of estimators are determined to the first order of approximation. It is exhibited that under some particular conditions, the
proposed classes of estimators dominate the existing prominent estimators. The theoretical findings are supported by a simulation
study performed over a hypothetically generated population.

1. Introduction

In sampling theory, the appropriate utilization of auxiliary
information plays a leading role to improve the efficiency of
the estimators. This information may be utilized either at the
design phase (sampling design) or at the estimation phase or
in both phases. It is very popular when auxiliary information
is considered at the estimation phase, the ratio, product,
regression, and exponential type estimators are mostly the
preferred methods in different dimensions. Shabbir et al. [1]
examined the performance of ratio-exponential log type
class of estimators using two auxiliary variables. Shahzad
et al. [2] introduced a novel family of variance estimators
based on L-moments and calibration approach under
stratified simple random sampling (SSRS), whereas Shahzad
et al. [3] suggested L-Moments and calibration-based var-
iance estimators under double SSRS and discussed an ap-
plication of COVID-19 pandemic. Shahzad et al. [4]
considered the estimation of coefficient of variation using
L-moments and calibration approach for nonsensitive and
sensitive variables, whereas Shahzad et al. [5] developed
variance estimation based on L-moments and auxiliary

information. The estimation of population mean is a widely
discussed approach in sample surveys and many renowned
authors have utilized these auxiliary pieces of information at
estimation stage and suggested various modified estimators
to date. Especially, under the availability of multi-auxiliary
information, the literature contains different kinds of ratio,
product, regression, and exponential type estimators.In
SSRS, the utilization of auxiliary information at the esti-
mation stage has been discussed by many authors to enhance
the efficiency of the estimators. In presence of univariate
auxiliary information, Hansen et al. [6]; Kadilar and Cingi
[7]; Shabbir and Gupta [8]; Singh and Vishwakarma [9];
Solanki and Singh [10]; Bhushan et al. [11]; etc., suggested
various modified estimators of population mean whereas, in
presence of multi-auxiliary information, Koyuncu and
Kadilar [12] suggested a family of estimators of population
mean based on SSRS. Tailor et al. [13] envisaged ratio-cum-
product estimator of population mean in SSRS. Tailor and
Chouhan [14] addressed ratio-cum-product type exponen-
tial estimator of finite population mean. Following Upad-
hyaya et al. [15]; Singh et al. [16] considered a class of ratio-
cum-product estimators using information on two auxiliary
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variables in SSRS. Along the lines of Singh et al. [17]; Lone
et al. [18] introduced a generalized ratio-cum-product type
exponential estimator in SSRS, whereas Lone et al. [19]
suggested efficient separate class of estimators of population
mean. Following Singh and Singh [20]; Muneer et al. [21]
suggested a class of combined estimators in SSRS. Recently,
Muneer et al. [22] introduced a chain ratio exponential
family of estimators based on SSRS. In the present study, we
propose some improved classes of estimators for the esti-
mation of population mean by employing bivariate auxiliary
information under SSRS.Consider a finite population x =
(%, %,, . .., ky) based on size N units with study variable y
and two auxiliary variables x and z, respectively, associated
with each unit x;,i = 1,2,..., N of the population. Let the
population be divided into L disjoint strata with the stratum
h comprises of Ny, h = 1,2,. .., L units. Let a simple random
sample of size 1, be quantified without replacement from the
stratum h such that Y';_, n;, = n. Let the observed values of ,
x and z on the i unit of the stratum & be denoted by

Do Xp 2 1= 1,2, Ny Let Jg = Yy, Wy, Xy =
i WX, and Z, =Y, W,Z, respectively, be the
sample means corresponding to the population means Y =
Y= 25_:1 WYy, X=Xg= Zﬁ:l WX, and Z=2Z2, =
L W,Z, of variables y, x and z, where W, = N,/N
h=1 "V h&h Y h h
is the weight in the stratum h. Let ), = Y, i/ X =
Yo xy/ny, and z), = > zy,/nybe the sample means corre-
sponding to the population means Y, = Y Y, /Ny, X =
y X}, /N, and Z, = y Z,,IN}, of variables y, x and
in the stratum h. Let sih =3 W = T (my, = 1), sih
Tieer (e =%)% (= 1), s, = Yot (@i =2 (= 1), 5, =
YR(CAEEMICHES TS VESED yR(CIEEA)
D = Iy, = 1), s = Y (x5 = %)) (23 — 2)/

(n, — 1), respectively, be the sample variances and covariances
corresponding to the population variances and covari-
ances Sih :Zizl (Vi = Y’ (N, = 1), Sih = Zi:l (= X)’!
(N, -1),8 = Yot @ri—Zp) (N =1),8,, = Yy (xp—
X)) (N, =1/(Ny = 1), S, = Y4 = Z3) (g = Y1)/
(N}, = 1), S, = iy (Ceim X)) (23 = Z3))/ (N}, — 1) in the
stratum h.

To derive the bias and mean square error (MSE) of
different combined estimators, the following notations will
be used throughout the paper.

Yo=Y +ep, Xy = X +&,Z4 = Z + &, suchthat E(g,) =
E(g) =E(e,) =0 and

N

L
V=Y Wi E[(3,-Y}) (%, - X,) (Z - Zh)t]- (1)
P

Following (1), we can write E (¢2) = ¥;_, WivnS3, = Vs
E(&) = Yy W%;Yhsfch =V E(83) = Yy Wﬁ?hsgh = Voo
E(ep ) = Zi:l WiYhnyh 84Sy, = Vo E(e,8) =Y h=
1LWiYhszthhSzh =Vou and E(g,¢&) = Zﬁ:l W%thyzh
S,,Sz, = Vior» where y = 1/my and p,.,, p.., and p,, be the
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population coefficient of correlation with their respective
subscripts in stratum h.

Again, to determine the bias and MSE of the separate
estimators, the following notations will be used throughout
the paper.

7}[ = ?h + Eon> fh = Xh + Ein> Eh = Zh + Ep such that
E(egy) = E(e) = E(ey,) =0 and E(e5;) = 9,85, = Upgps
E(ep,) = thih =Upos E(&5,) = Vhsih =Ugoys E(gg€14) =
YhnythhSyh = UllO; E(elh’£2h) = Yhsz,,thszh = UOll and
E(80h> £2h) = YhPyz,,Sthzh = UlOl'

The aim of the present paper is to suggest some improved
combined and separate classes of estimators in the presence of
bivariate auxiliary information under SSRS. The remainder of
the paper is drafted in the following sections. Section 2 deals with
the existing combined and separate estimators, whereas Section
3 considers the proposed combined and separate classes of
estimators along with their properties. The theoretical com-
parison of the proposed combined and separate classes of es-
timators with the existing combined and separate estimators is
given in Section 4. The credibility of the theoretical findings is
furnished with a simulation study in Section 5. Finally, a
conclusion of this study is drawn in Section 6.

2. Existing Estimators

2.1. Combined Estimators. The conventional combined
mean estimator under SSRS is given by

y:n = V- (2)

On the lines of Singh [23]; one may consider the classical
combined ratio estimator of population mean Y using bi-
variate auxiliary information under SSRS as

e_- (X\(2
V= yst(§5t><zst>- (3)

The classical combined regression estimator of pop-
ulation mean Y based on bivariate auxiliary information
under SSRS is given by

716 = 751? + ﬁl (7 - }st) + ﬁz (7 - Est)’ (4)

where f3; and 3, are the regression coefficients of y on x and
z, respectively.

Following Olkin [24]; the combined ratio type estimator
using bivariate auxiliary information under SSRS is given by

[ (X 7z
yv‘ySf{w(z>*(l‘w>(a)}’ ®

where w is a duly opted scalar.

Along the lines of Abu-Dayyeh et al. [25]; some com-
bined classes of ratio type estimators using bivariate aux-
iliary information under SSRS are given by

X\ Z\"
R =R 6
ya ySt(xSt) <25t> ( )
N B X a, Z a
Ve =)’sz‘[w1(x_st> +w2(z—st) ]h (7)
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where a;,a,,w;, andw,
w; +tw, =1.

Following Kadilar and Cingi [7], one may suggest some
combined ratio-cum-product estimators based on bivariate
auxiliary information under SSRS as

—  _ = Zi:l Wh(Xh + th)(zh + Czh)

are duly opted scalars and

ylccq =Y Zi:l Wh (thxh + [;2 (xh)) (thz,1 + [;2 (zh))
Yia Wi (®C,, + By (x)(Z,C,, + By (24)), (11) where
B, (x;,) and B, (z;,) are the coeflicient of kurtosis of variables
x and z, respectively, in stratum h.

Following Upadhyaya et al. [15]; Singh et al. [16] con-
sidered a combined class of ratio-cum-product estimators

Vie, = Vst YL oW, (fh + th)(gh +C,, ) > (8) using bivariate auxiliary information in SSRS as
_ N R (0. (Q)ﬁ (12)
s T Wi+ B () (Zy + B2 (=) BTN 5, ) \Z )
T WG B ) Gt b))
h=t TERATR T P2 AR IR T2 A where 77,, i, are duly opted scalars and a, f are scalars taking
L — - real values.
¥ =7 Dhet Wh(Xhﬁz (xn) + th)(zhﬁZ (z1) + Czh) Motivated by Khoshnevisan et al. [26]; Koyuncu and
ke st Zﬁ:l Wh(zhﬁz (xh) + th)(zhﬁz (Zh) + Czh) ’ Kadilar [12] suggested a generil family of combined esti-
(10) mators for population mean Y using bivariate auxiliary
information under SSRS as
. aX+b o cZ+d 92 (13)
TV N (am, +0) + (1- 1) @X+0)| (L (Zy+d)+(1- L) (Z+d)|
i ¥, =y expil X-% +L Ze=Z (15)
where A,, A,, g;, and g, are prescribed scalars, whereas Vi, = Vst €XP14a X+x, 2 z,+2)]

a(#0),band c(#0), d are either real numbers or functions
of the known parameters of auxiliary variables x and z,
respectively.

Along the lines of Singh et al. [17]; Tailor and Chouhan
[14] suggested a combined ratio-cum-product type expo-
nential estimator for population mean using bivariate
auxiliary information under SSRS as

X-% zZ,—Z
—C :k— = st st =, 14
Vie ystGXP(Xﬁst)eXP(E +z> (14)

st

where k is a duly opted scalar.

Following Singh et al. [17], Lone et al. [18] suggested a
combined generalized ratio-cum-product type exponential
estimator in SSRS as

o =7 k5 0} 012 e

where k;, k, are duly opted scalars and © is a scalar assuming
values 0 and 1 to design different estimators.

n|

where L, and L, are duly opted scalars.
The combined version of Lone et al. [19] estimator for
estimating population mean Y is given by

_ _(aX+b\(cz,+d (16)

ylz_yst aEst+b Cz+d .
We remark that the minimum MSE of Abu-Dayyeh et al.
[25] type estimator ¥, Koyuncu and Kadilar [12] estimator

Vik » and Lone et al. [18, 19] estimators ¥ ,i = 1,2 are equal

to the minimum MSE of the classical regression estimator
C

Vi

Along the lines of Singh and Singh [20]; Muneer et al.
[21] introduced a class of combined estimators in SSRS as

st—Z Z_Est
R

The combined form of Muneer et al. [22] chain ratio
exponential family of estimator in SSRS is given by

X* a 7* L) X = Z _=
7;1141 = 7st — — — _ exp{“3(_ xst)}expioq(_ zst)} ) (18)
w Xy, +(1 -w, X ) w,Z5 +(1 - w,Z ) (X +%xy) (Z+7zy)

On the lines of Searls [27]; an improved form of the
above-combined estimator is given by
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(19)

. _ X " Z " J(X-%)] (e (Z-Z )}
=k — — e X 44 st) |
Yy 1y5t<wlfg“t +(1 -w, X )) <w2z; +(1 - w,Z )> xp{ (X+ » } p{ (Z+7y)

where X' =aX+b, X =aX+b, X, =ax,+b,
7' =cZ+d,Z} = cZy +d, w;, w, = (0,1) and k, is a duly
opted scalar, a;, j = 1,2, 3,4 assumes values —1, 0, and +1 to
form different new and existing estimators. Moreover, the
authors have shown that more than 65 combined classes of
estimators are the members of the estimators y,,, and y,,, ,
respectively, for different values of scalars.

The bias and MSE of the estimators considered in this
section are readily discussed in Appendix A.

2.2. Separate Estimators. The conventional separate mean
estimator under SSRS is given by

L

m = Z Widh- (20)
h=1

On the lines of Singh [23]; the classical separate ratio

estimator of population mean ¥ using bivariate auxiliary
information under SSRS is defined as

7= swn(3)(2)

The classical separate regression estimator of population
mean Y under bivariate auxiliary information using SSRS is

(21)

7= Y Wilsn + B, (K —%0) + B, (Zy—z)} (22)

h=1

where 8, and 3, are the regression coefficients of y on x and
z, respectively, in stratum h.

Motivated by Olkin [24]; the separate ratio estimator in
SSRS using bivariate auxiliary information is given by

e Fnfu(3) 02}

where w;, is a duly opted scalar in the stratum h to be
determined.

(23)

ahyh + bh

Following Abu-Dayyeh et al. [25]; a separate class of
ratio type estimators using bivariate auxiliary information
under SSRS is given by

Y ay, Z a,
Z Wh)’h( h) <——h) . (24)
h=1 Xh Zh
L v \% 7 \ %
_ B X, \ " Z,\
yw;, = };Whyh{wlh(x_h) +w2h(zh) }’ (25)

where a, ,a, ,w; and w, are duly opted scalars in stratum h
h h h h
and w; +w, =1
Following Kadilar and Cingi [7]; one can suggest some
separate ratio-cum-product type estimators based on bi-
variate auxiliary information under SSRS as

(Xh +C, )(Zh + Czh)

Ve, = thWhyh v C )@ (26)
Q (X + By (%)) (Z), + B, (21))
Ve T LW G S ) G Ra)) )
(Xhﬁz (xh)+cxh)( B (z,) +C ,,)
ZW" T o)+ Co )@ () £ C)
i (thxh+/32 Xh )(thzh+/32 Zp ) (29)

(xhcxh +B, (1)) (Z,C,, + Ba(21))

The separate version of Singh et al. [16] estimator is given

by
- 3
X z
ZWh{m yh+f12hyh( h) (zh) } (30)
h=1 Xh h

where 7, , 77, are duly opted scalars in stratum h and ay, f,
are scalars in stratum h taking real values.

The separate version of Koyuncu and Kadilar [12] family
of estimators is given by

Chzh + dh

L
Vi = Z Wiyh
s A

1, (ahfh + bh) +(1 -

where A, , 1, , g, and g, are some prescribed scalars whereas
a,(#0), b, and ¢, (#0), d, are either real numbers or
functions of the known parameters of the auxiliary variables
x and z, respectively, in stratum h.

The separate version of Tailor and Chouhan [14] esti-
mator for population mean using bivariate auxiliary in-
formation under SSRS is defined as

91
A1) (@, X, +by) } {/\2,1 (cnzn +dp) +(1- 1

(31)

,,) (cnZp +dy) } ,

s X, -x z,-Z
e = Zka exp( +x’“>exp <_" Z’“)h, (32)

st h Zp+ 4y

where kj, is a duly opted scalar in stratum h.

On the lines of Lone et al. [18]; a generalized separate
ratio-cum-product type exponential estimator in SSRS is
defined as
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L - o
—s . Xp = X Zn =2y

=) W,y expiL, | = +L — R
i, h; hYh P{ 1,,(Xh +7h) z,,(zh 17,

(33)

where L; and L, are duly opted scalars in the stratum h.
The separate version of Lone et al. [19] estimator for
estimating population mean Y as

ahXh + bh Chzh + dh
— . 4
ylz ZWhyh(a Xh +bh)<chzh +dh (3 )

T;uzzwh{ 3,00~k (

It is to be noted that the minimum MSE of separate
Abu-Dayyeh [25] type estimator ¥, Koyuncu and Kadilar
[12] estimator y, and Lone etal. [18, 19] estimators y; &y}
are equal to the minimum MSE of classical separate re-
gression estimator ¥;.The separate type of Muneer et al. [21]
estimator in SSRS is given by

L — = = —
_ - = B Zy =2y B Zn =2y
=1 , o Xh)}[e)h{z exp(Eh szh)]> +( @);J«lexp(zh _Zh>}:|) (%)

where k; and k, are suitably chosen scalars in stratum h and
®,, is a real constant in stratum h.

Muneer et al. [22] suggested a separate chain ratio ex-
ponential family of estimators in SSRS as

m{ %, } { Z, }
wy, X, +(1 - wlh)Xh w,,Z), +(1 - wzh)Zh

L
7;1141 = Z Wh

(36)

ol ol |

On the lines of Searls [27], the modified form of the
above separate estimator is given by

l,yh —x * — =
T wy X +(1 - wlh)Xh wy 7, +(1 - wlh)Zh

L
yinuz = Z Wh
h_

; (37)

x GXP{a3h£Xh __E’“)}exp{ %, (21~ %) }

(X + %)

whereX" = a, X, + by, X} = a, X, + by, Z =, Zp, +d)y Z) =
cpzy +dyandw, ,w, = (0,1)and k, isa duly opted scalar in
stratum h, «;, j = 1,2,3,4 assumes values -1, 0, and +1 in
order to form different new and existing separate estimators.
Furthermore, one can generate more than 65 separate classes of
estimators from y,, ~and y,, for different values of sca-
lars.The bias and MSE of the estimators considered in this
section are readily discussed in the Appendix B.

3. Proposed Estimators

The objective of this paper is to suggest some improved
combined and separate classes of estimators over the existing
combined and separate estimators discussed in the previous

(Z, +72,)

section. We have extended the work of Bhushan et al. [28]
for the estimation of population mean Y by incorporating
bivariate auxiliary information under SSRS.

3.1. Combined Estimators. We propose some improved
combined classes of estimators based on bivariate auxiliary

information under SSRS as
0, &
[1 + log(—)] , (38)
Z

X
5, - fr)]
s Elyst[ + 0og X

7, = 67146 log(%)] [1 +0 log<%>], (39)



6 Journal of Probability and Statistics

e — _ = R h i 0, Hi=1,2,..., 1 1
¥ = E Ty + 05 (Ry — X) + 05 (Zy — Z)s (40) Zivetzfn &;,n e9(,1.and 0,1 5 are duly opted scalars to be
6, 8
—c _ (X Z
Vs, = £4yst<f) <2> > (41)  Theorem 1. The bias of the proposed combined classes of
st st estimators y;,i=1,2,...,5 is given by

¥ =& X z (42)
Yu TV X 0.7, - X)) | Z+ 0.z, - 2) |

I 6 8
B 1+(?1_61)V020+(?1_51)V002+91V110
Bias(y; ) = Y [¢, -1}, (43)
L +0, Vo1 + 60,0,V
e o 0, 5,
Blas(ysz) =Y| &1 - Evozo - ?Vooz + 0,V +0,Vig + 0,0,V — 11, (44)
Bias(y; ) = Y (& - 1), (45)
1 1
- I+ (6 + )Vozo + %40+ )Vooz =0,Vii0— 04V
Bias(yS ) =Y |¢, 2 2 -1}, (46)
+60,0,Von
Bias(¥¢,) = Y [&s{1+ 65Via0 + 0:Vo0, = 05V 119 = 05V 10 + 0505V | — 1] (47)

Proof. The precis of the derivations are given in Appendix C ~ Theorem 2. The MSE of the proposed combined classes of
for quick review. O  estimators ¥$,i=1,2,...,5 is given by

[1+ fi{l + Voo + 2eivozo + 2‘ﬁvooz =26,Viy0 =28, Vg, +40,V 19 + 46,V + 49151V011}
— —2
MSE(y: ) =Y 7 5 , (48)
_251‘[1 + ?1V020 + ?lvooz =01V20 =6 Vooa + 01Vi1g + 6, Vg + 9161V011}

[1+ 53{1 + Voo + 9§V020 + 6§V002 = 0,Via0 = 0,V +40,V 11 + 40,V g + 49252V011}

MSE(7) =Y’ 0 5 : (49)
—2€2{1 - ?zvozo - ?Zvooz + 60,V + 6,V + 0252V011}

B 252 252 252 252

sE(y: ) - 7| (6~ 0T 8TV £ 8V 871 -
} | 428,60, XYV |1y +28,0,2YV ), +20,0,X2V ¢y,
2 2 2
1+ 54{1 + Voo + 04V20 + 04V o0z + 20,V g0 + 28,V gy =40,V 119 — 40,V 11 + 49454‘/011}

MSE(7:,) =Y’ , (51)

0,(0, + l)V . 8,(8,+1)

—254{1 + 2 020 > Viooa = 04V = 84V io1 + 9484V011}
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[ 1+ &1+ Vg + 365V g0 + 302V gy — 4605V 119 — 485V 1) + 40505V
MSE(??S) _7 5{ 200 5Y 020 5 ooz2 57110 5Y 101 505 011} . (52)
_255{1 +05Vio20 = 05V 119 + 62V — 05V 101 + 9555V011}
L —\10 _\14
. . . . . . S _ Xy h zy, h
Proof. The precis of the derivations are given in AppendixC %, = Z W& 7 [ 1+ log(—) ] [ 1+ log(—) ] ,
for quick review. h=1 X Z
(55)
Corollary 1. The minimum MSE of the proposed combined L _ _
classes of estimators y;, i=1,2,.., 5 is given by 7; = Z thzhyh[l + Gzhlog(ﬁ>] [l + 82hlog(ﬁ>],
) h=1 X Zy
— B:
min MSE(,) :Y2(1 —X’); i=1,2,4,5, (53) (56)
| > wi| X)+5,, (- 7)
_ _ B Vo, = 2 Wil&s 70+ 05, (% - X)) + 65, (2 = Z,) |, (57)
min MSE(F ) = V(1= & (pp)) = YZ( - A—Z) (54) i ' ' '

Proof. The precis of derivations and the definition of
parametric functions A; and B, are given in Appendix C for
quick review.

We note that Theorem 2 and Corollary 1 are important
to derive the efficiency conditions given in Subsection
4.1. O

3.2. Separate Estimators. We propose some improved sep-
arate classes of estimators based on bivariate auxiliary in-
formation under SSRS as

L B 0y, /7 0y
s X\ Zp\ "
= b
s, ;?:1 Wh&;hyh(@) (Eh)

(58)

ys = y ~ — ~ =3 — =3 >
T "X, + 05, (% = Xn) ]| Z1 + 05, (2 = Z1)

(59)

where &, , 6,

i, Vi
stratum h.

and §;,i=1,2,...,5 are duly opted scalars in

Theorem 3. The bias of the proposed separate classes of
estimators ?j,i =1,2,...,5is given by

[ o7, &
L B 1+ 5 61;1 Uy + 5 51,, Uooz
Bias(y; ) = Y W, Y, |, -1}, (60)
h=1
L +0,, U110 + 61, Uqo1 + 61,6,Uony
S - 62h 621;
Blas(ys ) = Z WY, fzh 1- 7U020 - 7U002 +0, Ui+ 8, Uigr + 6,6, Ui p — 1|5 (61)
h=1 L
L
Bias(7: ) = Y W, Y,(&, — 1), (62)
h=1
[ 0,(60, +1 1
s - = 1 4h( L )Uozo + 4’1( % )Uooz - 0,U110
Bzas(yS ) = Z WY, &, 2 -1}, (63)
h=1
L =04,U101 + 64,05, Uony
L r 2 2
Bias(?ﬁ ) _ Z W,Y, | 1+ 95,,U020 + 55hU002 =05Uy10 = 85U ~1l (64)
s h +6: 65 U,
h=1 L 5,05,Y 011
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Proof. The precis of the derivations are given in Appendix C ~ Theorem 4. The MSE of the proposed separate classes of
for quick review O estimators ¥ ,i=1,2,...,5 is given by

_ ) 2 -
1+ Upgg + 26 Ugyg + 287 Ugoa =268, Upo
1+ fil
=26,,Ugg, +40,,U;yg +46,,Uyg; +40,,6, Ugyy
L
_ -2
MSE(y; ) = Y W}Y, 5 % , (65)
h= 1
' 1+ ThUozo + ThUooz = 0,Upy—
_zflh
L 81, Uooz +61,U110 + 01, Uyo1 + 0,0, Ugpy
_ 2 2
s 1+ Upgp + 03, Ugo + 63, Ugoa = 05, Uono
+&,
MSE(?S ) _ iWQ?Z =0, Ugy +40, Uy + 46, Uygy + 46, 8, Uy, (66)
) h* h
e 82;; 52h
_252,1 1- TUozo - 7U002 +0, Upio + 65, U1 + 05,65, Uy
L r 252 2 2 ) =2 2 =2
_ — E —-1)Y, +&E Y, Uy +0; X, Ugyg + 65 Z,U
MSE(y;) _ Z szYh ( 3 )7 B 53, h200 T, Apo20 T O, ZhT 002 ’ (67)
h=1 _+253h93hXthU110 + 253h53hZthU101 +20; 05 X;, Z,Uqy4
- 2 _
5 1+ Usgp + 64, Uozo + 84, Uy + 294h Uoo
1+&, ,
. +20,U gy — 404U 19 — 404U o1 +40,,0, Uy,
—s _ 22
MSE(yS4) - Z Wil 64h(64h + 1) 64h(64h + 1) ’ (68)
h=1 1+ > Ugo + > Ugpz = 04,U110
28,
L =04, Uyo1 + 64,04, Uopy -
2 2
) 1+ E§ { 1+ Uy + 3§5hU020 + 3655,16[]002 — 405U 1o }
h 46, Uy +4 U
_ =2 5,9 101 5,05,Y 011
MSE(Y,) = ) Wi¥, o o (69)
h=1 Y 1+ eshUozo —05,Uppo+ 85hU002 =85 U 01 }
5
' +05,05, Uop

Proof. The precis of the derivations are given in Appendix C ~ Corollary 2. The minimum MSE of the proposed separate

for quick review. O  classes of estimators y;i=1,2, ..., 5 is given by
L X B?
. —S _ 257 _ 1y . .
min MSE(y; ) = ;,;Whyh A ) i=1,2,4,5, (70)

h=1 h=1 3,

L . L . B?
min MSE(F% ) = Y WiV (1= &, o) = 2. WiY,, <1 - A—3h> (71)



Journal of Probability and Statistics

Proof. The precis of the derivations and definition of
parametric functions A; and B; are given in Appendix [

Proof. C for quick review.

We again note that Theorem 4 and Corollary 2 are
important in order to derive the efficiency conditions given
in Subsection 4.2. O

4. Efficiency Conditions

In this section, we derive the efficiency conditions under
which the proposed combined and separate classes of

2

estimators dominate the existing combined and separate
estimators.

4.1. Combined Estimators. On comparing the minimum
MSE of the proposed combined estimators ¥¢,i = 1,2,...,5
from (53) and (54) with the minimum MSE of existing
combined estimators from (A.1), (A.3), (A.4), (A.6), (A.8),
(A.10), (A.12), (A.14), (A.16), (A.20), (A.22), (A.24), (A.26),
and (A.28), we get the following conditions:

B:
MSE(7,) > MSE(?Ei)zX’ >1 -V (72)
i
B’
MSE (7°) > MSE(t;):X{ >1= Va0 = Voo = Voor + 2V110 + 2Vie1 = 2Vo110 (73)
1
B> VooV + VeaoVoor = 2Vi10V 101V
MSE(??)>MSE(?§{)=>X’> 1=V, +( 002V 110 020" 101 - 110V 101 011), (74)
i (Vozovooz - Von)
MSE (3) > MSE(¥; ):>B"2 Vg — Vs — 2V, + V100~ Vo = Vino * Von)* (75)
Yo Vs, A 200 ~ ¥ 002 101 Vo + Vomr - 2Vor)
B> VoaVoro + VaroVoor = 2VieVialV,
MSE(5) >MSE(7§X_):>XI> 1=V +( 002V 110 020V 101 k 110V 101 011)) (76)
i (Vozovooz - Von)
B Voon2 + Vozov2 =2V110V101Von
MSE(7.,) > MSE(VSi):X’ > [1 ~ Voo = B2Vo02 + 2Vo0aVior + ( 110 . M ) ) (77)
i (Vozovooz - Von)
c c B [1- Voo — /1'2V020 - A‘2Vooz +24,V1y0
MSE(¥,. ) > MSE(¥; )=>--> i i i , (78)
' A 20,V = 2LAV gy,
B} (A, -AA) A (AA A
MSE(7§)>MSE(7§_):>—’>( A ;)_ AGIY 23) (79)
’ A AA, - A3 AlA; - A3
B Vo Vaio + VoaoVaor = 2Vi10V 101V,
MSE(3,) >MSE(7§X_):>K’> 1=V +( 002V 110 020 101 ’ 110V 101 011), (80)
i (Vozovooz - Vou)
X2 1
B2 1-k {Vzoo + 2 (Voao + Voo = 2Vooz) + Vi — Vno}
MSE(35,) > MSE(ygi):Xl > | X (81)
i % % * 2
-2k (k - 1){§ (3V020 - V002 - 2V011)} - (k - 1)
B V2 Vo + ViV — 2Vo ViV
MSE(_Z) >MSE(7’;):>X’> 1=V + ( 101" 020 110 ¥ 002 i 011 101 110), (82)
i VozoVooz(1 - szh)
¢ ¢ B,~2 (Voozvfm + Vozonm - 2V110V101V011)
MSE(y; ) > MSE(¥, )=>X >1 -V, + , (83)

i

(VOZOVOOZ - V(2)11 )
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MSE (3,,,) > MSE(y )= > 4L
MSE(¥,,, ) > MSE(¥,)

c —\_B O
MSE(5,,, ) > MSE( ysi)=>X >

If conditions (72) to (86) hold, then the proposed
combined classes of estimators ¥¢,i=1,2,...,5 perform
better than the other existing combined estimators.

4.2. Separate Estimators. On comparing the minimum MSE
of the proposed separate estimators 33,i=1,2,...,5 from

Journal of Probability and Statistics

2 2 2
B; VOll +A

LY (84)
A; "4V, B,
B?
=-1>20-P, (85)
Ai
2 2
(86)

i

(69) and (70) with the minimum MSE of the existing
separate estimators from (B.1), (B.3), (B.4), (B.6), (B.8),
(B.10), (B.12), (B.14), (B.16), (B.18), (B.20), (B.22), (B.24),
and (B.26), we get the following efficiency conditions:

MSE (7)) > MSE(yzi),
Lo, Bi2 Lo, (87)
Z Wiy, 1- A_h < Z Wi Y,Uz05
h=1 iy, h=1
MSE(7;) > MSE(7,),
L B? L (88)
=2 =2
Z szyh (1 - A_lh> < Z Wflyh (Uago + Unag + Uggy = 2U 119 = 2U 1y + 2U¢y3)s
h=1 Ty h=1
MSE (3)> MSE(yZi),
iszz a Bih < in?z { U (UoozUﬁo + Uoonfm - 2U110U101U011) } (89)
2y niny Yaoo ,
h=1 Ai;, h=1 (Uoonooz - Ugll)
MSE (7 ) >MSE(yS)
Uior = Ugor = Upio + Uon1 )’ (90)
Z Wth Z Wth Usgo +Ugz +2U 4 — o o0 o+ Uonr) }>
h=1 (Uozo + Ugoz = 2U¢y3)
MSE(¥;) > MSE(¥;,),
L B; Lo UooaU 1o + UgaoUro1 = 2U 110U 101U (91)
Z Wiyi LD ) o Z WiYZ{Uzoo B ( 002Y 110 T Y020V 101 2 110Y 101 011) }’
h=1 Aih h=1 (Uoonooz - Uou)
MSE (3;,) > MSE(7,),
c = B; L (UoozU2 +UgyUlos 2U110U101Uo11) (92)
WiYi 1-— )< leth{ Usgo + a2 Ugoz = 2Ug02Us01 ) — s = >
hzl Aih 1121 ( ) (Uoonooz - U(2)11)
MSE(3;,.) > MSE(3,),
2
Z w22 1 - i < i W22 Uso + 4 Uoo + A ooz =24, Uno (93)
htn nin >
h=1 4, h=1 =20, Ujo1 + ZAzh Yot
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MSE ;) > MSE(}.),
2
i Wiv> _ ﬁ p i w2yidi- (AZh B A3hA4h) _ A4h(A1hA4h B A3h> (4
h*h A. h* h AA—A2 AA—A2 >
h=1 iy, h=1 ( 1,412, 3;,) ( 1,412, 3h)
MSE (33;) > MSE(¥;, ),
< 2552 Bizh < 2552 (UoozU%w + Uoon%m - 2U110U101U011) (95)
Z WY\ 1- A < Q) WY1 Uz — 3 >
h=1 iy h=1 (Uoonooz - Uou)
MSE (y;.) > MSE(; ),
r 1 -
. Ujgo + 1 (Ugzo +Ugoz = 2Uy)
L B L h (96)
2 i 2
S (13 )<« Swin S ,
h=1 iy h=1
_"'Zkh (ky = 1){5 (3Ugz = Ugor = 2Ugy;) + 5 (Ui - Uuo)} +(kj, - 1)2 ]
MSE(y; ) > MSE(}),
L B Lo U2, Uy + U2 0Uoos — 2U 11U U (97)
Z W%,Yfl(l /R Z Wf,Yf,{Uzoo B ( 101Y 020 110% 002 ~ o011V 101 110) }’
h=1 i h=1 Uoonooz(1 - szh)
MSE(3; ) > MSE(3%),
S 252 Bizh S 252 (UoozU%w + U020U%01 - 2U110U101U011> (98)
Y Wiy, 1=t )< Y WY, 4 Une - ,
h=1 i, h=1 (Uoonooz - Uou)
MSE(7,,) > MSE(yzi),
L _ B2 L _ 2 2 (99)
> wzyz( —) <y wm(l U —)
h=1 Aih h=1 4U020 Bmh
MSE(3,,, ) > MSE(3;,),
L . B.2 L . (100)
ZWﬁYﬁ(l - )< Y WiY, (1+P, -20,),
h=1 ip, h=1
MSE(ijZ) > MSE(y;),
L 2 . 2 (101)
zwm< ey W;Y;( _%).
h=1 iy h=1 h

If the conditions (87) to (101) hold then the proposed
separate classes of estimators ¥5,i=1,2,...,5 perform
better than the other existing separate estimators.

4.3. Comparison of Proposed Combined and Separate
Estimators. By comparing the minimum MSE of the pro-
posed combined and separate classes of estimators ¥¢ and
Vipi=12,...,5, we get t
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y
TaBLE 1: ARB and PRE of different combined estimators.
Py 0.6 0.7 0.8 0.9 0.9 0.8 0.7 0.6
Pyz 0.6 0.7 0.8 0.9 0.8 0.7 0.6 0.5
Per 0.6 0.7 0.8 0.9 0.7 0.6 0.5 0.4
Estimators ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE
7;1 0 100 0 100 0 100 0 100 0 100 0 100 0 100 0 100
v 1 96.00 1 117.56 1 154.49 1 211.78 1 236.59 1 168.39 1 127.97 1 102.94
7f 0 178.81 0 230.11 0 329.15 0 564.57 0 550.00 0 321.64 0 230.37 0 175.72
73 3.87 178.77 3.46 230.43 3.14 32886 292 56299 295 54145 3.19 320.36 3.53 229.21 4.02 175.53
7; 18.22 178.81 25.21 230.11 44.60 329.15 207.86 564.57 103.66 550.00 33.90 321.64 20.58 230.37 15.25 175.72
7; 18.98 130.63 13.23 139.16 10.43 143.77 9.14 119.34 6.40 406.71 9.89 230.53 14.63 172.55 24.54 143.63
?icl 204 9744 233 119.64 267 157.84 3.08 218.06 3.32 24337 286 171.81 245 130.03 211 104.34
7262 2.77 116.00 3.29 147.34 399 202.00 4.88 307.31 525 33891 4.24 21745 346 15573 286 122.12
7,253 9.67 164.20 16.15 219.66 45.50 327.67 81.99 646.17 72.23 594.80 48.80 314.14 17.00 213.07 9.63 161.47
7264 201 96.45 229 118.20 2.62 15557 3.01 213.84 325 238.74 2.81 169.44 241 12861 2.08 103.36
7§ 3.29 156.26 4.33 196.09 6.39 277.78 12.81 526.31 12.29 526.31 6.10 277.78 4.09 196.09 3.15 156.26
7ik 9.36 178.81 7.67 230.11 6.47 329.15 5.71 564.57 5.39 550.00 6.14 321.64 7.28 230.37 917 175.72
7?5 1.74 85.04 1.89 86.93 2.03 88.40 2.23 89.99 2.16 90.63 196 8992 180 88.57 1.69 87.28
?lcl 990 178.81 8.00 230.11 6.73 329.15 587 564.57 4.07 550.00 4.79 321.64 576 230.37 7.18 175.72
72 6.76 178.81 9.24 230.11 14.17 329.15 28.50 564.57 14.63 550.00 9.47 321.64 691 230.37 5.35 175.72
7;"4 3.78 180.61 5.19 236.10 7.96 34539 16.52 674.09 16.29 731.60 7.47 348.51 4.74 230.25 347 176.36
7;1141 3.56 180.89 5.99 236.77 821 346.11 17.11 674.87 17.09 73241 7.76 349.12 516 231.58 4.37 176.72
7;1142 3.77 180.96 5.87 23697 8.01 346.78 17.27 67517 17.17 733.01 794 349.24 524 23219 420 176.87
?il 21.07 182.84 14.45 239.56 5.45 349.67 3.45 67858 3.18 750.01 5.09 351.68 14.23 23440 16.98 178.75
7; 1.27 182.78 1.38 238.11 198 348.07 2.61 678.00 1.22 748.16 1.08 351.24 1.06 23423 12 178.67
7?3 3.83 181.98 522 238.54 7.97 34788 16.52 678.17 17.52 749.21 7.73 351.45 489 23438 3.61 178.73
724 3.83 182.83 5.22 239.27 797 349.36 16.52 678.44 17.52 74991 7.73 351.61 4.89 23439 3.61 178.74
75 3.82 18192 5.21 23854 7.97 347.88 16.52 678.17 17.52 749.20 7.73 35145 4.89 23423 3.60 178.73
L 2 22 ,B’ 2 2B'2
i 7) - mi 7)) = V(72 - w2r?) - [ 722 - woy
min MSE(; ) - min MSE(7; ) = ) (Y -wpy,)-( Y LW (102)

h=1

If the ratio estimate is veritable and the relationship
between auxiliary and study variables within each stratum is
a straight line passing through origin then the last term of
(102) is broadly small and it vanished.

Furthermore, unless R, is invariant from stratum to
stratum, separate estimators probably become more efficient
in each stratum if the sample in each stratum is large enough
so that the approximate formula for MSE (3% ),i = 1,2,...,5
is valid and the cumulative bias that can affect the proposed
estimators is negligible, whereas the proposed combined
estimators are to be preferably recommended with only a
small sample in each stratum ([29]).Furthermore, the
conditions of Subsection 4.1, Subsection 4.2, and Subsection
4.3 are held in practice by being verified through a simu-
lation study.

5. Simulation Study

To enhance the credibility of the theoretical development of
the proposed combined and separate classes of estimators,
we have conducted a simulation study. In the procedure, the
following steps are considered:

(i) Generate trivariate random observations of size
N=2000 wunits wusing a trivariate normal

1 1,

distribution in R software with parameters Y = 20,
X =25,7=30,0,=5,0, = 6,0, =7 and different
amounts of correlation coefficients p,. , p,,., and p,...

(ii) Stratify the above population into 4 equal disjoint
strata and quantify a sample of size n = 50 units from
each stratum.

(iii) Tabulate all necessary statistics.

(iv) Using 15,000 iterations to calculate the absolute
relative bias (ARB) and percent relative effi-
ciency (PRE) of various combined and separate
classes of estimators. The ARB and PRE of dif-
ferent estimators T are calculated regarding the
classical ratio and usual mean estimators and
results are reported in Table 1 and Table 2. The
ARB and PRE are calculated using the following

expressions.
L (5, -Y)
ARB = | g =] (103)
Zi:l (T -Y)
15000 (—  77\2
i1 -Y
prE =2t U =Y 60 (104)
Y (T-Y)
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TaBLE 2: ARB and PRE of different separate estimators.

Py 0.6 0.7 0.8 0.9 0.9 0.8 0.7 0.6

Pyz 0.6 0.7 0.8 0.9 0.8 0.7 0.6 0.5

prs 0.6 0.7 0.8 0.9 0.7 0.6 0.5 0.4
Estimators ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE ARB PRE
Vo 0 100 0 100 0 100 0 100 0 100 0 100 0 100 0 100
¥ 1 92.12 1 11954 1 154.96 1 212.28 1 236.66 1 167.43 1 12843 1 103.45
v 0 17922 0 23097 0 329.79 0 565.16 0 550.80 0 32211 0 23006 0 179.23
v 3.86 179.56 3.45 230.95 3.15 32824 295 56335 297 54216 3.20 320.77 3.51 230.00 4.00 177.21
A 18.19 179.22 25.24 230.97 44.63 329.79 207.92 565.16 103.86 550.80 34.33 322.11 21.76 230.06 15.23 179.23
Ve 19.00 1310 13.29 139.89 10.88 144.86 9.15 120.85 6.44 408.54 993 2311 14.77 171.73 24.64 142.28
Ve 210 98.00 231 120.20 2.77 158.88 312 21899 337 244.06 2.89 172.44 249 130.88 214 103.48
7icl 275 11692 3.40 148.73 4.00 20291 490 308.00 531 34215 430 21935 336 151.53 2.70 120.77
Ve, 9.60 167.45 16.19 221.34 46.00 327.89 82.08 648.01 72.45 596.60 48.89 313.31 17.11 210.98 9.43 160.64
7ic4 212 96.87 230 11799 259 155.02 3.09 21447 330 242.00 288 173.07 245 127.76 2.09 104.55
Vs 331 156.86 4.35 196.97 6.47 279.00 1294 52721 1237 52821 6.12 277.87 415 196.83 3.19 156.99
Vik 935 179.22 7.66 23097 6.46 329.79 573 56516 542 550.80 6.15 32211 7.31 230.06 9.19 179.23
Vie 1.76 8591 191 8699 2.09 88.88 226 9043 210 9098 199 8998 1.84 89.25 173 88.03
ffl 9.93 179.22 811 23097 6.77 329.79 589 56516 413 550.80 4.82 32211 5.70 230.06 7.20 179.23
7;1 6.80 179.22 9.29 230.97 1517 329.79 29.00 565.16 15.66 550.80 9.44 32211 6.96 230.06 5.39 178.23
Vo 3.84 181.09 523 23697 7.87 346.65 16.71 674.85 16.38 732.28 7.51 348.81 4.83 232.03 3.52 178.24
yfnul 3.62 181.24 6.09 237.84 824 34715 1713 67551 1713 73276 7.80 349.95 520 23213 450 177.89
7;1142 3.84 181.85 590 237.57 820 34917 17.76 676.74 1710 73299 798 351.53 532 23411 423 176.97
?il 20.76 183.64 14.47 2415 544 35299 346 679.74 320 751.32 515 353.82 14.67 236.78 17.00 182.52
7; 1.28 182.85 1.39 240.07 130 35099 6.61 678.68 125 750.73 10 35246 11 23552 14 180.76
723 3.88 182.17 525 23947 8.07 350.59 17.00 678.96 17.59 749.83 7.80 352.69 4.95 23575 3.63 180.77
7; 3.88 18291 525 23998 8.07 351.87 16.90 679.03 17.60 750.79 7.81 35296 491 236.04 3.60 1817
Ve 386 18216 522 23947 8.06 350.59 17.01 67896 17.59 749.82 7.880 352.69 4.95 23575 3.62 180.77

Where T ym’yr’yl’yo ym’ ya’yw’ykc’l_l 2 34

ys’ytc’ymu’ ym“l ymu )ys,l—l 2,...,5, ym’
EEET —s 5
YoV Vo ym,ya, yw’ykc ,1—1 2,3, 4 Yo Vier

ymu’ymul’yinuz and ys’l_l 2,.

The simulation findings of the combined and separate
classes of estimators are exposited in terms of ARB and PRE
in Table 1 and Table 2 for different values of correlation
coefficients. The results exhibit the dominance of the pro-
posed combined and separate classes of estimators ¥ and
ys , i=1,2,...,5, respectively, over the combined and
separate usual mean estimators, classical ratio and regression
estimators, Olkin [24] type estimator, Abu-Dayyeh et al.
[25] type estimators, Kadilar and Cingi [7] type estimator,
Singh et al. [16] estimator, Koyuncu and Kadilar [12] esti-
mator, Tailor and Chouhan [14] estimator, Lone et al.
[18, 19] estimators and Muneer et al. [21, 22] estimators in
terms of PRE. Also, the proposed combined and separate
class of estimators y; and y; are found to be most efficient
among the proposed combined and separate classes of es-
timators for each passably chosen values of correlation
coefficients.

6. Conclusion

In this article, we propose some improved classes of esti-
mators for population mean by extending the work of
Bhushan et al. [28] using bivariate auxiliary information
under SSRS. The mathematical expressions of bias and MSE
of the proposed classes of estimators are obtained up to the
first order of approximation. The efficiency conditions are

derived under which the suggested estimators perform
better than the other existing estimators. In support of the
theoretical results, a simulation study is carried out using an
artificially generated population with various amounts of
correlation coeflicients. From the perusal of the theoretical
and simulation results reported in Table 1 and Table 2, we
conclude that:

(i) The proposed combined classes of estimators ¥¢,i =
1,2,...,5 perform better than the combined form
of usual mean estimator y¢, classical ratio and
regression estimators y; & ¥f, Olkin [24] type es-
timator 7;, Abu-Dayyeh et al. [25] type estimators
ya & ¥;,, Kadilar and Cingi [7] type estimators
Vkei=1,2,3,4, Koyuncu and Kadilar [12] esti-
mator ¥, Singh et al. [16] estimator 3¢, Tailor and
Chouhan [14] estimator ¥%, Lone et al. [18, 19]
estimators yl,i = 1,2 and Muneer et al. [21, 22]
estimators y,,, &y, ,i = 1,2 for different values of
correlation coefficients.

(ii) The proposed separate classes of estimators y¢ , i =
1,2,...,5 dominate the separate form of usual
mean estlmator y;,, classical ratio and regression
estimators y; & ¥}, Olkin [24] type estimator 5,
Abu-Dayyeh et al. [25] type estimators 35 & ¥,
Kadilar and Cingi [7] type estimators
Vo1 =1,2,3,4, Koyuncu and Kadilar [12] esti-
mator 7}, Singh et al. [16] estimator ¥, Tailor and
Chouhan [14] estimator ¥;,, Lone et al. [18, 19]
estimators ?i,i = 1,2 and Muneer et al. [21, 22]
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estimators ,,, & ,,, ,i = 1,2 for different values of
correlation coefficients.

(iii) Since, the proposed combined and separate classes
of estimators ¥, and y;, i=1,2,...,5 are, re-
spectively, superior to the combined and separate
ratio and chain ratio exponential estimators y,,, ,
Vonu, a0 ¥y, 5V, envisaged by Muneer et al. [22]
consequently the proposed combined and separate
classes of estimators y¢ and y;,i=1,2,...,5 will
also dominate those 65 estimators that are the
members of the combined and separate ratio and
chain ratio exponential estimators ¥,,, , ¥,,, and
Vona,> Vo> TESPeCtively.

(iv) The proposed combined and separate class of es-
timators ¢ and y; perform better among the
proposed classes of estimators.

(v) The proposed separate classes of estimators y , i =
1,2,...,5 dominate the proposed combined classes

Journal of Probability and Statistics

of estimators y¢, i =1,2,...,5 in terms of greater
PRE for various amounts of correlatron coeflicients.

(vi) The PRE of the proposed combined and separate
classes of estimators increases as the values of
correlation coeflicients increase and vice versa.

Thus, the proposed combined and separate classes of
estimators can be preferably used by the survey professionals
in practice.

Appendix

A. Bias and MSE of the Existing
Combined Estimators

The bias and MSE expressions of the existing combined
estimators are expressed as mentioned below:

MSE(3,,) = szzoo’ (A.1)
Bias (¥;) = Y [Viao + Vooa + Vo = Vier + Vi) (A.2)
MSE(¥;) = Y’ [+Vo20 + Voor = 2Vi10 =2V + 2V |, (A.3)
min MSE (5) = Y2|: (Voozvfro + Vozovfm - 2V110V101Vo11) (A4)
1) = 200 ~ , .
(VozoVooz - Vén)
Bias (75) = Y [w(V 10 = Vi) + Vior)s (A.5)
2
min MSE (5) = Yz[ (Voo + Voo + 2V101) - (Vior = Voor = Vio + Vou) ], (A.6)
(Vozo + Voor = 2Von1)
. —la;(a; +1 a,(a,+1
Bias(y,) = Y[%‘/ozo 2(; )Vooz +a14,Vo —a1Vie — 4,V ], (A7)
_ VoosViio + VoroVaor = 2VieViolV
min MSE (5°) = 7 |:V200 _( 002" 110 020" 101 k 110V 101 011):|, (A.8)
(Vozovooz - Vou)
= -1 -1
Bias (7;) = Y[wlaquo +w,a,Vig + wrm‘/ozo + wz%)vooz], (A.9)
_ VoosVi1o + Voo Vool = 2V10ViolV.
min MSE (y,,) = Y’ Voo + @5 Vo02 = 2VaaVior = ( e 2 S 011) > (A.10)
(V020V002 - V011)
Bias(,, ) = Y[AVoao + A Voo, = AViig = AV g1 + LAV s i=1,2,3,4, (A.11)
MSE(?L,.) =Y [ Voo + Aizvozo + A1‘2V002 =20V = 20V + 2LAV oy, ]’ (A.12)
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Bias(7%) =

min MSE (7;) =

Bias (Vi) =

min MSE (3},;) =

Bias (¥) =

min MSE (¥,) =

Bias(y; ) =Y

min MSE(¥; ) =

1

Bias(?lcz) =

min MSE(y; ) =

Bias (7,,,) =

min MSE (7,,,,) =

Bias(?f,ml ) =

Y| +n, 2 -1,

72[1 _ (Az - A3A4) _ A, (A1A4 ~ A3)
AA, - Al AA, - Al

=910 V110 — 92024V 101 + 41429192010,V ]
Y

1 1 >
+£J1 (921+ )AfoVozoJrgz (9; + )AiviV

002

2 2 7

7 (Voozvuo + V2o Vio1 = 2V110V101V011)
20 (VozoVoor ~ Var)

020 ¥ 002 011

Y(k'-1)+k Y[g (3Vo20 = Voor = 2Von) + 5 (Vior = V110)]>

?2

1 1
{g (3Va0 = Voo = 2Vy1) + 5 (Vo1 = Vno)}

L (L L, (L LiL, 1
LRG3 (5 1= Von

1
+E (LyVigr = LiV 1)

2 2 b

2 (VIOIVOZO + VllOVOOZ - ZVOIIVIOIVIIO)
e (VoroVoor ~ Va1 )

020" 002 011 J

Y [Voo = Vou + Vi = Viols

2 2

=2 (V002V110 +ViaoVior = 2V110V101Vo11)

Y Vi = (V Vo _v? ) 2
020 ¥ 002 011

- (/3 14 k,—
(ks —1)Y + k3Y{(§ - %)Vooz - %} + ?4XV011,

2 2
e [1 - h — ﬂ]
Voo By

a3 Oy
_<0‘191 + 7)V110 - (“292 + ?)le

1 3 1
+{‘X1 (“;+ )gf+ “3(";3+ )+‘X10;391}V020

1 3 1
+{0‘2(‘X;+ )g§+ “4(0;4+ )+0‘20‘2492}V002

1 1 a0,
_+<0‘1“29192 o003 gy T oMMyt _>V011 ]

%2 1 * 2
k {Vzoo + 1 (Voso + Voo = 2Vipa) + Vigy = Vno}‘ +(k"-1)

15

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)
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MSE(¥,, ) =Y [1+ P -20], (A.26)
_ a a, -
- <0‘1£71 + —)Vuo _<“292 + _>V101+
2 2
oy (o +1) 2+3“3(0‘3+1)+0‘10‘391 Voo 4
- 2 1 3 > 020
Bias(¥;,, ) = (k, — 1)Y +k,Y , (A.27)
a (o +1) 5 + 3oty (g +1) 8%y,
> 2 3 > 002
1 1 o
| <0‘1“2!]1!]2 + 5%2%39, + 5% + %)Von ]
min MSE(7,,, ) =Y"|1- o , (A.28)
mu, P

whered, = Y1 W, X/ Y Wy (X, +C ) A=Y Wy, aVy+ Vg —adVsP=1+R+250=1+8 R=Vyy+
Xl i Ko+ B ()i Ay = L WiXoCoo/ Tia Wi (X e g+ (@/2F Vi Haogo+ (@2 Vi - 2{a g1+ (a/2))
Cy, + B (xp))s Ay = ZLI W, X8, (x,)! Zﬁzl W, (X3, (xp)+ Vi~ 2(0a9, + (ay/2))V g + 2{ay gy + (a3/2))Hapgo+ (oy/
C.) A = YL WL Z/YE w,(Z, + C,) A = yEow, Vo and S= _2{“191 + (a3/2)}V 0 = {29, + (y/2)}
Z, 215:1 W, (Zy + By (2); A = zﬁzl thhczh/ Zi:l w, Vim + [041{(“1 * 1)91/22} +3{ (a3 + 1)/8} + (ya39,/2)]
ZiCop+ o @) A= Sh W Zi o) 5oy Wy (2, U (oo (ay + Dg3/2} + {3a, (o, + 1)/8} + {o,0,9,/2}]
Ba(zp) + C, )5 Ay =14 Vs Ay = 1+ Vgt a2+ 1)V + Z)O}Ozv’; {10,919, + (039, 2)}V oy + {(@10491/2) + (a3,
CAL = 1
?((026((806 +1)1\)/)‘}°22}ij? +V{“E’ 8*-((;1(1‘/11;); / 2?3650\2/(315-0?;110: 2+ Sgﬁt The optimum values of the scalars are given as
adVy; Ay =1+ {(aa+ 1))/2}V o +{(8 (6 -1))/2}V iy, —

Y [ Voo2Vii0 = Vi Von
ﬁ(opt) =% 2 > (A29)
X Vo20V002 = Vi
9 _ z [VOZOVIOI - V110V011] (A.30)
=7 VooV = Véu ) .
w __ Vion = Vooa = Vi + Von (A.31)
(opY) Voo + Voor =2V ’ '
VoosViro = VielV
@1 (opt) = 002" 110 1012 ou | (A.32)
VooVoo2 = Vouu
VoroVier = ViioV
By ope = 020" 101 1102 ou | (A.33)
Vo20V002 = Vouu
2 2
asVo, +a;Viig—a,Vig —a;a,V,
Wy oy = [ 2 0022 1 1120 2V101 — 410, 011]’ (A.34)
a1V + 83V 02 — 2010,V 13
wZ(opt) =1- wl(opt)’ (A35)
A, - AA
nl(apt) =2 e (A36)

AA, - AT
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A1A4 - A3

M2 (opt) = m,

_ [ V002V110 B V101V011 ]
Hoy lV020V002 - Véu

i _ V020V101 B V110V011
2lop0 lV020V002 - Vén ’

(1+{(1/8)(3V 0 = Voo = 2Vyy) + (1/2) (V191 = V130)} )

_ 2 ( V002V110 B V101V011 )

Ly(opy = >
> (V020V002 - VOll)

>

) = 2(VIIOVOH B V020V101 )
opt) —
b (V020V002 - V(Z)ll)

Ly

>

) = (VOOZVIIO B V101V011 )
opt) —
) (VOZOVOOZ - Vgll)

A

>

_( VOZOVIOI ~ V110V011 )

ko=
(opY) ( 1+2{(1/8) (3V 520 = Voo = 2Vio11) + (172) (Vg1 = V110)}
+k2{V200 +(1/4) (Vo + Vg, = 2V2) + Vigr = Vino}

V(opt) = >
® (Vozovooz - Vgn)
o) = 1+(3/8 — a/)V o0, = (Vio1/2) = (Vo (Vour = V110)/2V20) _
3(opt) =
¥ 1+ Vi + (1 = al2)V g, =2V _( (Vo = Vuo)z/Vozo)
k _ Z Vou k Vo = Vi
Hor T Weo Vo )
0]
kl (opt) — F

B. Bias and MSE of the Existing
Separate Estimators

The bias and MSE expressions of the existing separate es-
timators are expressed as

L
_ =2
MSE(y,,) = Z WiYhUzoo:
h=1

L
Bias (7;) = Z WY, [Ugyg + Uggy +Ugry = U + Uygels
h=1

L
. 252
MSE(3,) = Z WY, [Usgg + Ugag + Uggy = 2U 139 = 2U gy + 22U |,
h=1
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(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(B.1)

(B.2)

(B.3)
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Lo UpoaUs o + UgpoUror = 2U 10U 10U

min MSE (7) = ZwﬁYi Unes _( 002V 110 020V 101 - 110V 101 011)], (B.4)
h=1 (Uoonooz - Uon)
L J—

Bias (7,) = Z WY [wy, Uiy = Usr) + Usn > (B.5)

h=1

min MSE (") = iszz [ (Usno + Uoga + 2Us01) (Uio1 =Ugoz =Uyyo + Uon)2 (B.6)

Yo & ntn i 200 002 101 (Uoxo + Uos — 2Uo1;) > :

L — { Ugpr +a4,a, U
BiaS(yZ) _ ZWth P D) 002 1,2, 011 i (B7)
h=1

—a;, U0 —a3,U101

Lo oof UpoaUt 1o + UgzoU o1 = 2U 110U 101U
min MSE (7 = Zwiyz Unes _( 002Y110 T Y020V 101 2 110Y 101 011) , (B.8)
h=1 | (Uoonooz - Uon)
- 1)
1,4
L +w, a, Ujgy + wy h( zh Uozo
Bias (7,,) = Z WY, , (B.9)
h=l1 2h( 2 1)
| TW,, > Uooz
- 2
; Uaoo + @5, Ugoz = 2U 02U 101
. _s 25572
= 2
min MSE(7,,) hz:l WY, (Uooszw +UgUjo1 — 2U110U101U011) ’ (B.10)
B 2
L (U020U002 - Uou)
L
i T 2 2 .
Blas()’ic,-) = Z WYy, [AihUOZO +4A; Uy = 4,Ur10 = 8, Usor + AihAihUOII]; i=1,2,34, (B.11)
h=1
- 2372 2 2
MSE(?ic,-) = Z ing [ Usoo + A, Uozo + A, Uooz = 24, U11g = 24, U1 + 24,4, Uy, ]7 (B.12)
h=1
L oy (o + I)U +ﬂh(ﬂh— I)U
o = 020 002
Bias (73) = ) WYy |my, + 1, 2 2 -1}, (B.13)
h=
' —0,U 110 + BpUsor — anBrUo1
L _ A, —A A A (AL A —A
min MSE(55) = Y WY, [1- (A~ 4, ;‘h) _Au(Ay A g ) , (B.14)
h=1 A A, — A5 Ay Ay, — A,
L —_glhvlh/lthllo - g2hU2hA2hU101 + AlhAZhgthZhvlhvthOll
Bias (¥;;) = Z WY, , (B.15)
— gl(gl,"'l)z 2 92(92"'1)2 2
h=l | +%A1hU1hUozo + %Azh 3, Y002
L [ UpoaUs 1o + UgaoU7or = 2U110U 101U
. _ =2 002Y 110 T Y020V 101 110Y101Y 011
min MSE (¥y.) = Y. WY, | Ungo —( > ) , (B.16)
h=1 L (Uoonooz - Uon)
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. 1
Bias (¥;,) Z WY, (k, —1) + kth[ (3Ugz0 = Uggs = 2Ugyy) + 5 (Uior = Uuo)]’
h=1

kh JLUzoo +— (Ugyg + Uggr = 2Ug) + Uygp = Uuo}

L
i 7)) = 2y” . 1 1
min MSE (7,) = thWth +2k;, (kj, - 1){§ (3Ug20 = Ugga = 2Upy;) + 5 (Uior = Uuo)} ’

+(k; — 1)

rLy, (L L, (L, L,L,
Th <7h )Uozo +— 2 2} Ugoz — #Uon
WY, )

J% (Lz,,Ulol - LthIIO)

M=
|

Bias(?ls1 ) =

h=1

(UfmUozo + U3 U0z - 2Uo11U101U110)
(Uoonooz - Ugll)

min MSE(y; ) = ZWth Uso —
h=1

>

L
Bias(ﬁz) = Z WY, [Ugsg = Uiy + U = Uy,
h=1

2 2
min MSE( ) Z Wth U200 _ (U002U110 +UgU1o1 — 2U110U101U011):|

(UOZOUOOZ - Ugll)

L

s = 3« U ky, X
Bias (ymu) = Z Wth (k3h ) + k3h {<8 4h>U002 - %} 2h Y:UOII ]’

Lo U, A
min MSE(¥,,) = Y WY, [1- 2 - ﬂ]
h=1 L

‘(0‘1,191,1 > >U110 (“2hgzh + 2 >U101+

“1;1(“11 + 1) 2 30‘31«(“3;1 + 1) *1,%3,91, Uor +

. B 1, 3 > 020

Bias(¥;,, ) = Y W,Y, ,
1 h=1 o, (oc2 + 1) ,  3ay (044}1 + 1) o, 04 95,
2, Ugop *
2 8 2

1 %3, %4, U

L\ %1,%2,91,95, + E‘xzh“shgzh + E“lh%hglh + 4 011

L
MSE(3,,, ) = Y. Wi¥,[1+ P, -20,],
h=1
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(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)
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Q3 Oy
4(“1,491,, + Th)Uno _<“2h92h + 7h>U101+
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3oc3h((x3h + 1) .

{(xlh(alh + 1)g2 N

1y 8 2

L L
Bias(7;,, ) = | 2. Wik, - 1)Y, + Y W,k Y, {“Zh(“zh i 1)g§h +

h=1 h=1

3o, (ay +1) o,
4h( 4y )+ 2,%4,92, Ugoa* | I (B.27)
8 2
1
®1,%,91,92, + 5%2,%3,92,
Uoni
1 O3, Oy,
+5a1ha4hg1h + 4 11
L o o2
min MSE(3;,, ) = . W,iyh[ —P—:], (B.28)
h=1

wherel, = X,/(X), +C,);

As, = X,C, [ (X,C,, + Ba (x1))s
Ay, = X () (XB, () + Cy)s Ay, = Zyl (Zy + C,)s
A, = Z(Z), + By (2); A; = thzh/ (ZhCZh + B, (z1);
Ay = Z,B, (z) (Z,B, (z,) + C, ) Ay, =1+Uyp Ay =1+
Us,go + 0 (2o + 1)U + 8, (28, - DUy, — 40, U 19+
46,U 01 — 40,0, Uo1s Az, = 1+ Upgo + {{ (et (0 + 1))/2}
Ugao + 18, (8, + 1))/2}}U0, = 20U 10+

28,U 01 — 0,6,Uo115 Ay = 1+ {oy, (a +1)/2}
Ugso +16, (8, = )12} Uggp = U1y + 8,U 101 = @,8,Ug115
P, =1+ R, +2S,; O,=1+S; Ry, = Uyt

Ay, = Xl (K, + By ()

ﬂh (opt)

Y,
eh(opt) = Z_h [

U020U101 - U110U011 ]
U020U002 - U(2)11

U1 =Ugpz =Uqpo + Uon]

w =
opt) [ U +Ugoz = 2Ug1

{“1h91h + (oc3h/2)} oo + {“2h92h + (oc4h/2)}zU002 -2
{“1h91h + (oc3h/2)}U110 - 2{“2h92h + ((x4h/2)}U101+

2{“1h91h + (oc3h/2)}(oc2hg2h + (1/2)ay )35

Sp=—(0y,91, + (a3,/2)) U + {061h (o, + 1)5]1/
2) +3az ((az, +1)/8) + (a7, 03 g1 )/2}U 59 +

{ar, (@, + 1)g3 )12 + 3at,, (g, +1)/8) + (o, G5 /
2 Uggy = (3,95, + (4, /2))U 1y + {0‘1h0‘2h91h92h + (a0

3,92,/2) + (ay, a4 91,/2) + (a3 o /43U
The optimum values of scalars are tabulated as

a =
1 (o0 |: U020U002 - Ugll

UOOZUIIO - U101U011 _ U020U101 - U110U011
> %2, (opt)

2 2
a5, Ugoy + a3, Urio = a5, U1 — 1,85, Uon

2 2
a1, Ungo + a3, Ugoa — 201,08, Ugyy

w
2 > %1, (opt)
U020U002 - UOll ] "
w =1l-w n = —Azh ~ Ay, n
> W2, (opt) — 1 T %1, (opt) M1y, (opt) T 2> 12, (opt)
AlhAZh - A3h

_ A A 4 _ [ UoV110 = Ui01Vonr
2
Uo20Uo02 = Uony

- 2> "1, (opt)
AlhAZh - A3h '

>

:| — |: U020U101 ~ U110U011
2u(op0 UOZOUOOZ - Uéll

(B.29)
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K (opt)
_2(UgaU110 = U10Uo11 )
B (UgggUger ~ Uty
2(U110Uo11 = UgzoUio1 )
(Uoonooz - Uﬁn)
_ (UgpaU110 = U101Uo11 )
e (Uoonooz - U(2)11)
~(Ug2oU101 = U110Uon1 ) (B.30)
(Uoonooz - Ugu) ,
_ 1+((3/8) = (e,/4)) U0z = (U101/2) = U1y (Uprs = U110)/2U03) _ A,

k, (opt) = (say),
"o 1+ Uy + (1= (e,/2)) U0, = 2U 11 _( (Uon - U110)2/U020) B,

k Y, [Ugy k Uoii =V
4, (opt) — Yh 2U020 3, (0)p (1) UOZO >

Oy

k1, (opty P,

>

Ly, (opy

>

>

Ah(

Yi(opt) =

C. Bias and MSE of the Proposed Combined and Using the notations defined in the earlier section, we
Separate Estimators express the estimator 7; in terms &/s as
This section addresses the precis of the proof of Theorem 2 Vs, ~Y = Y[ (& — )Y + Y&, + 0;Xe, + 0526, ] (C2)

and Corollary 1 of Subsection 3.1. Now, squaring and taking expectations both sides of

Consider the estimator (C.2), we will get the MSE of the estimator as
753 = E37$t + 63 (Est - X) + 83 (zst - Z) (C.1)

—2 — =2 =2
(& - 1)2Y + ng Voo + ‘9§X Voo + 5§Z Vo2

MSE(7 ) =Y’ 0 ah e (C.3)
’ +28,0, XYV g + 2830, ZYV ) + 20,0, XZV
The optimum values of &5, 65, and J5 can be obtained by
minimizing (C.3) w.r.t &, 65, and J; as
3 ! 55 (say) (C.4)
3(opt) = =5 \say), C4
* [1 + V00 —(Vozovim + VoV - 2V110V101V011/(V020V002 - Véu))] 45
Y\ (VitVour = Voo Vino)
Oy om0 = &5, t)(_) 101V o1 = Vo2V 110) (C.5)
o TAX (V020V002 - Véu)
Y\ (VioVor = VoaoVior)
By onty = & t)(:> 110V o011 ~ Vo0V 101) (C.6)
. T\z (Vozovooz - Vén)
Putting &3> O30py aNd F3(opy in (C.3), we get the In similar way, we can tabulate the MSE of other esti-
minimum MSE as mators yg,i=1,2,4,5 as
, - 2(, B MSE(3 ) =Y [ 1+ 84, - 268, . C8
min MSE(;,) = Yz(l ~E3(opy) = Y2(1 - A_3) (C.7) (J’s,-) [1+&4 -2¢8] (C8)

3
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The minimum MSE of the estimators ¥.,i = 1,2,4,5 is
given by

2
. e\ w52 B;
mmMSE(ysi) =Y (1 —X’l) (C.9)
The optimum values of the scalars involved are given

hereunder

oy = 2 (C.10)
itop) = > :
(VIOIVOII - VOOZVIIO)
01 (opy) = = 03 (opy> (C.11)
*® (Vozovooz - Véu) ¥
(VIIOVOII - V020V101)
81 (opt) = = 8 (opt)> (C.12)
*® (Vozovooz - V(2)11) Op
(V002V110 - V101V011)
O4(opt) = = 05 (opt)» (C.13)
*® (Vozovooz - Véu) *
VoroVior = ViV
64( ( 020" 101 110 011) — 85(0pt)7 (C14)

o0 " (Vozovooz - Véu)

whereA; = [ 1+ V00 = 2((VoVi01 Vo=
V20V 002V 110 = V20V 002V 101+ V002V110V011)/( V20V 002~
V(z)u)) - 2( (Vozovfm + VOOZVTIO_ 2V110V101Vo11)/
VooV = Vgll)z)]Bl = [1= ((VoVin Vo -
V2oV 002V110 + Voo VieVorr = Voo Voo2Vior) (VoaoVooz
VouDIBy = [1++(((VxV002V 110 = Voo Vit Vour +
V20V 002V101 = Vo2 Vi1oVorr) — (V020V%01 + V002V%10
2V110Vi01Vou))/2 (Voo Voor — V(Z)n))]Bz = [ 1-
(1/2) (Vo20V101Vorr + Vo2 VioVorr = VooV
Vi2oVo02V1o1 = 2V110V101 Vorr/ (V2o Voor
V020V002 (Vozovfm - 2V110V101V011)/
VooV = V§11)2]A4 = [1+ Vo + (((Vo2oVi02V 110
“VoViaVout
Vi2oVo02V101 = Voo VieVor) — 2 (VozoV%m + Voozv%w
2V110Vi01 Vo)) (VoaeVoos = V%ll))]AS = [ 1+ Vi
2V110Vi01Vor! VooV = V§11))+ ((3V(2)11
V20V 002) (VozoV%m + VOOZVgll =2Vi10Vi0Vonr)
1 (Vo20V 002 = Vgu)z)]Bs = [1+ V5, (VorVie + Voo
V%u - 2V110V101V011) - V110V101V011 (V020V002 _V%u)/
(Vio2oVoo2 — V%u)z]

Similarly, we can obtain the derivation of MSE of the
proposed separate estimators.

002;/110_
_Von))_
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