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Abstract. This paper presents finite element formulations for an elastic Timoshenko beam subjected to moving concentrated
forces. The results obtained by the present method are compared with those obtained by the assumed mode method published in
the existing literature to verify the correctness of the present method. The present method can analyze the dynamic response for
a Timoshenko or Bernoulli-Euler beam with various boundary conditions subjected to moving concentrated forces. Numerical
results show that the present method is more effective than the discrete element technique published in the existing literature for
investigating the dynamic problem of Timoshenko beam.
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1. Introduction

The analysis of moving loads on an elastic structure has been a topic of interest for well over a century. Two
kinds of methods, i.e., analytical and numerical methods, are widely used to tackle the problem. Based on the
Bernoulli-Euler beam theory, many analytical methods have been proposed to solve simple moving load problems [7,
18,20]. As analytical methods are often limited to simple moving load problems, many researchers have resorted
to various numerical methods. Ross [19] investigated the problem of a viscoelastic Timoshenko beam subjected
to a transversely applied step-loading was solved using the Laplace transform method. Katz et al. [11] studied the
dynamic behavior of a rotating shaft subjected to a moving load with constant velocity using the modal analysis
method and an integral transformation method. In their paper, the Bernoulli-Euler, Rayleigh and Timoshenko beam
theories were used to model the rotating shaft. Akin and Mofid [1] presented an analytical-numerical method for
determining the dynamic behavior of Bernoulli-Euler beams with different boundary conditions and carrying a
moving mass. Han and Zu [8] investigated the dynamic behavior of a spinning Timoshenko beam subjected to a
constant moving load using a modal expansion technique. Lee [12,13] reported the dynamic responses of a rotating
shaft subjected to axial force and moving loads and of a Timoshenko beam subjected to a moving mass using the
assumed mode method (AMM).

Although varying positions of the moving loads need to some special considerations, the finite element method is
especially powerful due to its versatility in the spatial discretization. Yoshida and Weaver [27] first applied the finite
element method to the moving load problem. It has since been used by many other investigators [2,4,6,9,10,14-17,
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21-23]. References [2,4,6,9,10,14-17,21-23] are limited to the dynamic analysis of moving loads on structures
based on the Bernoulli-Euler beam theory. The existing literatures about the dynamic problem of moving loads on
the Timoshenko beam using the finite element method are small. Yavari et al. [24] analyzed the dynamic response
of Timoshenko beams under a moving mass using the discrete element technique (DET).

In the present paper, finite element formulations for an elastic beam subjected to moving concentrated forces will
be presented. The beam is discretized into a number of simple elements with four degrees of freedom each. The
shape functions, which are presented by Yokoyama [25,26] of the vertical displacement and the bending rotation for
a Timoshenko beam element, are used in this paper. The equation of motion in matrix form for a Timoshenko beam
element with four degrees of freedom acted upon by moving concentrated forces is derived from the principle of
virtual work. By assembling element matrices and element nodal vectors, respectively, the global equation of motion
for a Timoshenko beam subjected to moving concentrated forces are obtained. The problem is solved by direct
integration using Wilsod method or similar methods [3], to obtain the dynamic response of a Timoshenko beam.
The present formulation can analyze the dynamic response of a Timoshenko beam with various boundary conditions
subjected to moving concentrated forces, and also investigate the dynamic problem of an elastic Bernoulli-Euler
beam.

2. Theory and formulation
2.1. The model of a Timoshenko beam element

A simply supported Timoshenko beam subjected to a series of moving concentrated forces withadpagdhe
beam is shown in Fig. 1. A co-ordinate system is assumed to be fixed in the inertial frame, witaxtseparallel
to the undeformed longitudinal axis of the beam anditaxis pointing vertically downward in the same direction
as the gravitational acceleratign|t is assumed that the downward displacement of the Timoshenko beam is taken
as positive and that it is measured with reference to its vertical static equilibrium position.

The Timoshenko beam is discretized into a number of simple elements with equal length each. Figure 2 shows
a Timoshenko beam element of lengtith a few concentrated forces running on it. It is assumed that the total
number of the concentrated forces running on the beam element isThe beam element consists of two nodes
1 andj; each node has two degrees of freedom, i.e., vertical displaceyfiearid bending rotation (or slopéy.
The vertical displacement® and bending rotation (or slopéf of an arbitrary point on the beam element can be
expressed [26]

e

Yi
Yo = [N’yl Ny2 Ny3 Ny4} Ze = [Ny] {a}° (1)

0°¢ = [Nel Ng2 No3 N94} Ze = [Nol{q}* 2)

Here{q}¢ is the element nodal displacement vector, and the shape functions (or the interpolation functions) are
written as [26]

Nyr = [1=362/1 + 26/ + (1 - ¢/1)] /(1 + ®)
Nyo = [ —26%/1+ & /1" + (€ — £/1)®/2]/(1 + @)
Nys = [3¢?/1 = 267 /1> + ®¢ /1] /(1 + D)

Nys = [=€/1+ /1> — (€~ /)@ /2] /(1 + P)
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Fig. 1. A simply supported Timoshenko beam subjected to a series of moving concentrated forces.
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Fig. 2. Model of a Timoshenko beam element with a few moving concentrated forces on it.
Ngy = 6[—=¢/17 +€2/1°]/(1 + @)
Noz = [1 — 46/1+ 362/12 + (1 - £/1)®] /(1 + @)
Nos = 6[¢/1° - €2/1°]/(1 + @)

Noy = [-28/1+ 387 /1> + /1] /(1 + )

where¢ is the local coordinate along the axis of the beam elemient; 12E1/(k ;G Al?) = the shear deformation
parameterF Young's modulus the second moment of arga; the shear coefficient depending on the shape of the
cross-section(s the shear modulusi the cross-sectional area; ahtthe length of beam element.

2.2. Thevirtual work of a Timoshenko beam element under a few concentrated forces

Figure 2 shows a Timoshenko beam element of lehgtith a few concentrated forces running on it. The virtual
work of this beam element consists of the internal virtual wid#k; and the external virtual wor&V ¢, of this beam
element. It is assumed that the damping effect of the beam is neglected, the internal virtuevok this beam
element can be written as

l l
i o1 (38) 42 o fron (3 0) (2
0 0

The external virtual workW i, of this beam element can be expressed as

l l ny

Wh =~ / pAG® - Sy°dE — / pIO* - 00°0E + 3 fs - 0ylee,, @

0 0 s=1
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Fig. 4. Normalized displacement under a moving force witf0.50 and a beam witG = 0.15.

wherep is the mass density of the beam materfaljs the magnitude of the—th concentrated force running on the
beam element., is the distance between the-th concentrated force and the left node of the beam element; and
the dot above symbol denotes the differentiation with respect toititdsing Egs (1) and (2), the expressions of the
differentiations with respect to local coordingtand timet for i ¢ andf© in Eqs (3) and (4) can be written as

T~ o () =ity (5a.b)
o= [y - a9 (e o) = (V]S a — Nl 6’ )
i = @) o = [N)- 6 g} (6a.b)

6 = [No {@}°  66° = [Na] - 5 {q}° (6c.0)
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Fig. 5. Time history of dynamic vertical displacement of beam mid-point with three different methods.
2.3. The eguation of motion of a Timoshenko beam element under a few moving concentrated forces

Substituting Egs (5a—d) into Eq. (3) and Egs (6a—d) into Eq. (4), respectively, then using the principle of virtual
work [5], i.e.,dW} = §W§, one can obtain the equation of motion for a Timoshenko beam element under a few
moving concentrated forces. The equation of motion in matrix form can be written as

ns

IMI° {@}° + [K)°{a}* = D INyJie,, - s )
s=1
where[ M€ and[K |¢ denote the mass and stiffness matrices of the Timoshenko beam element, respégiivednd
{q}° denote the nodal acceleration and displacement vectors of the element, requﬁﬁy}%lryécs - fs denotes the
equivalent nodal force vector of the element contributed by thidn concentrated forcé ; running on the element;
and the superscript T denotes the transpfs8° and[K|° can be expressed as

[M]" = [M]* + [M]°

(K] = [K)° + [K)°

in which

l
[My]¢ = /pA[Ny]T[Ny]dg = consistent mass matrix for translational inertia
0
l
[M.]° = /pI[Ng]T[Ng]df = consistent mass matrix for rotatory inertia
0

[K3)¢ = | EI[Ng)T[Ngld¢ = bending stiffness matrix

o _

l
(K¢ = /kSGA([NZ’/]T — [No]")([N;] — [Ng])d¢ = shear stiffness matrix
0
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Fig. 6. Time history of dynamic vertical displacement of beam mid-point using DET with various element numbers.

The explicit expressions of the respective element matrices are listed in the Appendix reported by Yokoyama [26].
If & = 0 in the element stiffness and mass matrices, [@dd ¢ in Eq. (7) is neglected, Eq. (7) can be degenerated
into the equation of motion of an elastic Bernoulli-Euler beam element under a few moving concentrated forces.

2.4. The equation of motion of a Timoshenko beam under a series of moving concentrated forces

By assembling element matrices and element nodal vectors, respectively, one can obtain the global equation of
motion for a Timoshenko beam neglecting the damping effect subjected to a series of moving concentrated forces,
which will appear as

[M]{q} + [K]{q} = {F} (8)

where the matrice§\/] and[K] are the global mass and stiffness matrices, respectively, of the Timoshenko beam;
the vectorq ¢} and{q} are the nodal acceleration and displacement vectors, respectively, of the beam; and the vector
{F'} is the equivalent nodal force vector of the beam. Equation (8) can then be solved by the d/\fiistimod or

similar methods [3]. It should be noted that Eq. (8) could successfully analyze the dynamic response of an elastic
Timoshenko or Bernoulli-Euler beam with various boundary conditions, including intermediate supports, subjected
to moving concentrated forces.

3. Verification of the present method

For the purpose of verification, let us consider a simply supported Timoshenko beam neglecting the damping effect
of the beam subjected to a moving concentrated force. Initially, the beam is at rest, and the moving concentrated
force is at the left end of the beam. In the finite element analysis, 6 elements with equal lengths are used for the
beam. The equation of motion for the Timoshenko beam subjected to a moving concentrated force is solved by the
Wilson 8 method withd = 1.4 and using 100 equal time steps. The same Timoshenko beam parameters, material
properties as defined in Lee [13] are used in the numerical simulation. These propertieébasm length)=
1m, E =207 x 10" N/m?, G = 7.76 x 10'° N/m?, k, = 0.9, andp = 7700 kg/m?. The cross-sectional area
of the beam A, is computed from the radius of gyratieny defined by a non-dimensional parameter (Rayleigh’s
coefficient)s = romw/ L. The magnitude of the concentrated forceis= 0.2pALg. The prescribed axial speed of
the moving concentrated force, is similarly defined by a non-dimensional parameter giveaby v/v .., where
ver fOr a supported beam is given by, = (w/L)+/EI/pA. It should be pointed out that., is the speed of a
constant force moving on a simply supported Bernoulli-Euler beam when the vaiduis efjual to 1.
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Fig. 7. Displacement at the right end-point of a fixed-free beam @ith 0.15 under a moving force withy = 50 m/s.

This normalized displacement under the moving force is denotdd,tefined byU = y/y . vy is the beam
displacement in the vertical direction under this moving force evaluatedsatdy .; is the beam static displacement
at mid-point when the force is applied at the same point for a Bernoulli-Euler beam. From the static analysis, this
displacemeny; is foL3/48EI. The reason for performing this normalization is to facilitate the comparisons of
the present result with the corresponding reported work [13]. For the case of Timoshneko beam, the normalized
displacement under the moving force with= 0.11 and a beam witls = 0.03 and the moving force with: = 0.50
and a beam with = 0.15 have been plotted in Figs 3 and 4, respectively; along with the results obtained by
AMM [13] using ten-term assumed functions for the vertical displacement and rotation of the Timoshenko beam.
Evidently, good agreements have been achieved between the present results and the reported results [13]. This
example serves to illustrate the reliability of the present method.

4. Numerical examples
4.1. Example 1. A simply supported Timoshenko beam subjected to a moving concentrated force

In order to compare the present method with DET presented by Yavari et al. [24], a simply supported Timoshenko
beam subjected to a moving concentrated force with constant speed m/s will be investigated. The parameters
of the beam are as followsL = 4.352 m, E = 2.02 x 10! N/m?, G = 7.7 x 10'° N/m?, A = 0.2025 m?,
ks = 1/1.18, andm,, (total mass of beamy 87.04 kg. The magnitude of the concentrated force is 1960 N. These
parameters are from reference [24]. The equation of motion for this example is solved by the 8\itethod
with § = 1.4 and using 100 equal time steps. The time history of dynamic vertical displacement of beam mid-point
obtained by the present method with 2 elements having equal lengths has been plotted in Fig. 5, along with the result
obtained by DET with 100 elements having equal lengths. The result obtained by AAM using five-term assumed
functions for the vertical displacement and rotation of the Timoshenko beam has also been plotted in Fig. 5. As
shown in Fig. 5, good agreements have been achieved among three type results. The time histories of dynamic
vertical displacement of beam mid-point obtained by DET with 10, 50 and 100 elements have been plotted in Fig. 6.
It can be seen from Fig. 6 that the solution obtained by DET converges to an exact answer as the number of elements
increases. From Figs 5 and 6, one can draw a conclusion that the present method is more effective than DET. This
is because the results obtained by the present method only using 2 elements are agreement with those obtained DET
using 100 elements, and the differences between the results obtained by the present method using 2 elements and
those obtained by DET using 10 elements are high.
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Fig. 8. Moment at the left end-point of a fixed-free beam v@tk= 0.15 under a moving force witlh = 50 m/s.

It should be pointed that reference [24] analyzed the dynamic response of Timoshenko beams under a moving mass
using DET. If the formulations presented by reference [24] are used to analyze the dynamic response of Timoshenko
beam under a moving concentrated forEejn Eq. (25) on page 148 and Eg. (32) on page 149 in reference [24]
must be deleted. In addition, the shear coefficient of beam in the present method is the reciprocal of the shear factor
of beam in reference [24].

4.2. Example 2. A Timoshenko beam with other boundary conditions subjected to a moving concentrated force

The present method can also be applied to analyze the dynamic response of a beam with various boundary
conditions, including intermediate supports, subjected to moving concentrated forces. As a numerical example, let
us consider a cantilever (fixed-free) Timoshenko beam subjected to a moving concentrated force. It is assumed that
the force moves from fixed (left) end to free (right) end of the beam. The parameters in this example are same as
those in Section 3 except the speed of the moving foree50 m/s and Rayleigh’s coefficient of the beai= 0.15.

In the finite element analysis, 6 elements with equal lengths are used for the beam, and the equation of motion is
solved by the Wilso method withd = 1.4 and using 100 equal time steps. The displacement at the right end-point
of the beam and the moment at the left end-point have been plotted in Figs 7 and 8, respectively.

5. Concluding remarks

Finite element formulations for an elastic Timoshenko beam subjected to moving concentrated forces have been
presented in this paper. The correctness of the present method has been illustrated by a comparison with the existing
literature. The advantages of the present method are as follows:

(1). The scope of application of the present method is more wide than that of the assumed mode method presented
by Lee [13]. The present method can not only analyze the dynamic problem of a simply supported Timoshenko
beam subjected to moving concentrated forces, but also analyze the dynamic problem of a Timoshenko beam
with various boundary conditions, including intermediate supports.

(2). Numerical results show thatthe present method is more effective than the discrete element technique presented
by Yavari et al. [24] for investigating the dynamic problem of Timoshenko beam.

Acknowledgement

The authors would like to thank Prof. Daniel J. Inman, Editor-in-Chief, Shock and Vibration, and anonymous
reviewer(s) for their valuable and helpful comments.



P.Lou et al. / Dynamic analysis of a Timoshenko beam subjected to moving concentrated forces

Appendix

Element stiffness matricé®(,|¢ and[K]¢ are as follows

12 61 —12 61
K = EI (44 2® + ®2)1% —61 (2 — 2P — §?)[>
YT B+ 9)2 12 —6l
symm. (4 + 29 + ®?)7?
4 21 -4 2]
. kGAD? 12 -9 2
Kl = 35 _
41+ ) 4 -2
symm 1?

Element mass matricgs/;|¢ and[M..|¢ are as follows

B+ (3 +5)0 s+8+% —(B+5+50)
sTwots -~ 2_10+m+ﬂ)l
symm (s + o+ )2
g 2(%;%‘15 2 1ig<1> 1(%;%)452 2
[M’“]euiAéy <%)2 (E+E+T)l —(mg—a)l—(m+z—r)l
5

symm

in whichrq = /I/A = radius of gyration.
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